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Abstract

An interval-valued fuzzy set denotes a fuzzy set wimesmbership function is many -valued and form an
interval in the member ship scale. The notion of cubicagtn extension of fuzzy set in which not oply
a membership degree is given but also a non-membershipedisginvolved. In this present study, we
introduce the concept of cubic fuzzy positive implicativealde cubic fuzzy positive implicative
extension ideals in BCK-algebras and investigate sorite pfoperties.

Keywords: BCK-algebras; fuzzy positive implicative idéatzy positive implicative extension ideals.

1 Introduction and Preliminaries

The notion of interval-valued fuzzy sets was first intratiby Zadeh [1] as an extension of fuzzy sets. An
interval-valued fuzzy set denotes a fuzzy set whose mmsmpefunction is many -valued and form an
interval in the member ship scale. This idea gives timplest method to capture the imprecision of the
membership grade for a fuzzy set. On the other hand,t&aIn[8] introduced the notion of cubic sets as an
extension of fuzzy set in which not only a membership degrgiven but also a non-membership degree is
involved. In this paper we introduce the concept of cubic fymsjtive implicative ideal, cubic fuzzy ideal
extensions of BCK-algebras and investigate some of iteptiep.
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Satyanarayana and Durga Prasad [3] A BCK-algebra is @&mty setX with a binary operatiomr and a
constant 0 satisfying the following axioms:

(BCK-1) (x xy) * (x x 2) < (z*y).

(BCK-2) x = (x *y) < y.

(BCK-3) x < x.

(BCK-4)x<y,y<x=>x=y.

(BCK-5) 0 < x, wherex < y is defined by x y = 0.

A BCK-algebra can be partially ordered by y & x * y = 0 this ordering is called BCK-ordering. In any
BCK-algebraX the following hold:

(P)x+x0=x,
P xxy<x,
(P3) (xxy)xz=(xxz)*y,
(PH) (x*x2)*x(y*z) <xx*y,
(PS)x* (xx(x*y)) =xxy,
(P6)x<y=x*z<y=xzandzxy < zx*x foreveryx,y,z € X.
Definition 1.1. [3] A Subsetl of a BCK-algebrgX, *,0) is called an ideal ok , forany x,y € X
(B1)0 €1,
(B2)xxyandy el =>x €l
Definition 1.2. [3] An ideall of a BCK-algebrdX, =,0) is called closed i x x € I, for allx € I.

Definition 1.3. [4,5] A non-empty Subsdtof a BCK-algebrgX, =,0) is said to be a positive implicative
ideal if it satisfies,

(B3)0 €1,

Bd) (x*y)xzelandyxz€el>xxzel, forallx,y,z € X.
We now review some fuzzy logic concepts. A fuzzy seéf ia a functioru : X — [0,1].
For fuzzy setg andA of X ands, t € [0,1]. The setsU (u;t) ={x € X : u(x) = t}is called upper t-level
cut ofp andL(2; s) = {xe X : A(x) < s} is called lower s-level cut oft. The fuzzy setu in X is called
fuzzy sub algebra o, if pu(x *y) = min{u(x),u(y)},, forallx,y € X.

By the interval number D we mean an intefval ,a*] where0 <a~ <a* <1

For interval numberd; = [a7,bf], D, = [a7, b5 ].
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We define
min (D;, D,) = D; n D, =min([a7,bi], [a5,bF]) = [minf{a7 , a3}, min{b; , b}
max 0y, D;) =Dy U D, = max(lar , bl [az ,b7]) = [maXay , a3}, maxbi, b;}]
D, + D, = [a] + a; —aj.a;, b + b — bf.bj] and put

D, £ D, & ai <a, andbf < by

D, =D, & ai = a, andb; = b;
D, <D, ® D, <D, andD; # D,
mD = m[aj, bi] = [may, mbf],where0 <m < 1.
LetL be a given nonempty set [6]. An interval valued fuzz\Bse L is defined by

B = {x, [ug (x), ug (x)] : x € L} , where uz (x) anduf (x) are fuzzy sets df such thapgz(x) < uf(x) for
all x € L. Let fig(x) = [ug(x), uf(x)], then B = {(xjiz(x)): x € L} wherejig : L - D[0,1]

Biswas [7] described a method to find maximum and minimum keshweo set of intervals

Definition 1.4: [7] Consider two set of intervaB,, D, € D[0,1]. If D; = [a;,af] then rmin(D;,D,) =
[min(a7, a3), min(af, ad)] which is denoted bp,A"D,. Thus ifD; = [a;",a;"] € D[0,1] for1 <i<n
then we define sup;(D;) = [sup;(ay), sup;(a})] that isvl D; = [v; a7 ,v; a}]. Now we callD; = D,
iff a; = a; andaf = a3. Similarly the relation®, < D, andD,; = D, are defined.

Based on fuzzy sets, Jun et al. [2] introduced the noficolwc sets and investigated several properties.
Definition 1.5: [2] LetX be a non-empty set. A cubic gein X is a Structurel = {(x, fi,(x), 4(x)) ; x €

& which is briefly denoted by/=x4,14 wherexuA=uA- 1A+ is an interval valued fuzzy set.fiand./4 is
fuzzy set inX.

Definition 1.6: [8] A cubic setd = (X, fis, A4) in X is a cubic ideal of, if it satisfies
(C11) 1,(0) = f,(x) and 2,4(0) < A4(x)
(Cl12)fiy(x) =rmin{f,(x *y), fis(x)}

(CI 3) A4 (x) <max{Ay(x *y), A4, (y)} forallx,y € X.

2 Main Results

Definition 2.1. A cubic fuzzy sefl = (X, fiz, A4) in BCK- algebraX is called a cubic fuzzy BCK-positive
implicative ideal if it satisfies

(C BCK -PI-1)1,(0)= i, (x) andA,(0)< A, (x)
(C BCK-PI-2) i, (x * 2) = rmin{fiy((x * ) * 2), L4 (y * 2)}

(C BCK-PI-3)A,(x * z) < max{ A, ((x = y) * z), L4, (y * z)} for all x,y,z € X.
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Theorem 2.2. Every cubic fuzzy BCK positive implicative ideal is abic ideal ofX but the converse is not
true.

Proof: Let cubic fuzzy set = (X, fis, A4) is a cubic fuzzy BCK-positive implicative ideal. By defion 2.1,
we have

14(0)= s (x) and2,(0)< 24 (x)

faCx * z) = min i, ((x * y) * 2), fi,(y * 2)} and

Aa(x = 2) < max{ 44 ((x = y) * 2),A,(y * 2)} forallx,y,z € X.
Puttingz = 0 we get

fa(x + 0) Zrmin {1, (Cx * y) * 0), A4(y * 0)}

fLa(x) = rmin {fi,(x * y), ia(y)} and

Aa(x * 0) < max {24 ((x = y)  0), 4 (y * 0)}

= Ax(x) < max {4, (x * y), L, (»)}.

Hence cubic fuzzy BCK- positive implicative idesi= (4, 44) is a cubic fuzzy ideal of and the converse
of this is not true it can be shown through the following example

Consider the BCK-algebr& ={0,1,2,3,4} with the following canyley table:

3

o|lo|o|o
OOOOOh

Blwlolr|o|™d

Wlw|no|lol-

SNk O| *
Mlw|N|R|[O|O

1

Define a cubic fuzzy sefl = (fiz,A4) in X by i, (0) = [0.6,0.7],

4D = £ = 14(3) = [0.1,0.2] and i, (4) = [0.1,0.3], 4,(0) = 2, (1) = 0.1, A,(2) =
14(3) = 0.3, 1,(4) =0.4.

It is easy to verify that it is a cubic ideal butigtnot a cubic fuzzy BCK-positive implicative ideal Jof
becauseii, (4 * 3) = fi,(1) = [0.1,0.2 , and min{f,((4 * 1) *3),1,(1%3)} = min {f,(0),,(0)} =
fi,(0) =[0.6,0.7] Clearly [0.1, 0.2] < [0.6,0.7]

Corollary 2.3: Let A = (X, fis, A4) be a cubic fuzzy BCK-positive implicative ideal ¥f If x <y inX,
thenfi, (x) = i (y) andA,(x) < 1,4(y), thatis,i, is an order-reversing antj, is an order-preserving.

Theorem 2.4: A cubic fuzzy sefA= (ji,, 14 ) is a cubic ideal of a BCK- algebka ThenA is a cubic fuzzy
positive implicative ideal oX if and only if it satisfies the inequalities

ﬁA((x *7) * (y * Z)) > ﬁA((x *y) * Z) andAA((x x7) * (y * Z)) < AA((x *Y) * z) for all
x,y,Z € X.
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Proof: Assume tha#l = (X, fi4, A4) is a cubic fuzzy positive implicative ideal ¥f By theorem 2.3.
A = (X, iz, A4) is a cubic fuzzy ideal of. Letx,y,z € X anda = x * (y * z) andb = (x * y). Since
(Fr@r2) (e *2)) S(O* @) *2).
By corollary 2.3, we have
i ((cx e D) = () #2)) 2 Ba(* 2 2)) +2)
and

(s Gx2) * (xy) +2)) S (G * G *2)) 5 2).

Then [IA((a * b) Z) =i, <((x * (y * z)) * (x * y)) * z)
> iy ((y x(y*2)) = z) (by BCK-1and Corollary 2.3)

=iy *x2) x (y * 2))
=i,(0).
By (C BCK -PI-1) we havgi,((a * b) * z) = ji4(0),

and

Ma(@eb)+2) =2, (((c 0+ 2) = ) +2)
<2 ((y*(y+2))+z) (by BCK-1and Corollary 2.3)
=24((*2) * (v * 2)
= 24(0).
By (C BCK -PI-1) we havel,((a * b) * z) = 2,4(0).
Using (P3), (CPI2) and (CPI3) we obtain
a(Gex2) v x2) = fig ((xx (v 2 2)  2)
= fs(a*2)
> rmin{fi,((a * b) * z), fiy(b * 2)}
=rmin {Z,(0), (b * 2)}
= fia(b * z)

= fa((x*y) * 2)
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and

Ma(Gcx2) x G D)= ((x+ (v 5 D) 5 2)
= Ay(a * z)
< max{A,((a *b) * z),A4(b * 2)}
=x08 (0), 44 (b * 2)}
= A4(b * 2)
= AA((x *y) * Z)
Thus ﬁA((x * 7)) * (y * Z)) > ﬁA((x * ) * z) and AA((x x7) * (y* Z)) < AA((x *y) * Z) forall x € X.
Conversely, suppose that = (X, fis , 14 ) is a cubic ideal ok satisfies the inequalities
fa(Cex2) * (v *2)) 2 fia((x*y)  z) and
AA((x *7) * (y * Z)) < AA((x * ) * z) forallx,y,z € X.
Using (CI-2) and (CI-3) for alt, y, z € X. We obtain
faCx = 2) = mmin{fi, (G 2) * (v % 2)), fla(y * 2)}
> rmin {7, ((x * y) * 2), @4 (y * 2)}
and
Aalx xz) < max{AA((x * 7) * (y * z)),/lA(y * Z)}
< max{((x *y) * z),AA(y * z)}
ThusA = (X, fis, 14) is a cubic fuzzy positive implicative ideal f
Theorem 2.5. If A = (fis, 14) is a cubic fuzzy positive implicative ideal ¥f then the non-empty upper
([;1),(52] level cutlU(fiy; [s1,s,]) and the non-empty lowetlevel cutL(A,;t) are positive implicative ideals
Proof: Letx € U(fi, [sy,52]1) = ,(x) =[5y, 5;]
= [sy,s2]<f,x) < f,0)
= [,(0) =[5y ;]
= 0€ Uiy ; [s1,52D
Letx,y,z € X be such tha@(x *Y) * z) € U(fiy; [s1,52]), v *2z € U(fiy; [s1,52])

ﬁA((x*y)*Z) = [sq,8;] andiiy (y x2) = [sq, 5]
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Since
g (x*2) = min {f,(Cc x y) * 2), fa(y * 2)}
> rmin{ [sl, Sy ], [s4, 52]}
= {mifs,, s,], min[s;,s,] }
3] s;]
Thereforex *z € U (i, ; [ 51, 52 ])
HenceU (i, ; [ s1, s, ]) is a positive implicative ideal df.
Letxel (Ay5t) = L(x)<t
= L0)S L)<t
= 0€ L1 0).
Further more if
(x xy)*z € L(A4; t) andy * z € L(A4; t)
then
M((x*y)*z) < tandi (y*2z) <t.
Since
Aa(x * 2) < max { AA((x *y) * Z), Aa(y * Z)} <max{t,t} =t
= M (x*xz)<t = xxz€ Ly t).
HenceL(A4; t) is a positive implicative ideal ofX.

Definition 2.6: Fuzzy ideal extension: [9] Let be a fuzzy subset of a BCK-algeb¥aanda € X. Then the
fuzzy subsek u,a >:X — [0,1] defined by< u,a > (x) = u(x * a) is called extension oft by a.

Definition 2.7: Cubic fuzzy ideal extension:

Let (fis,44) be a cubic fuzzy set in a BCK-algebkaand a,b € X. Then the cubic fuzzy set
< (fig,A4), (a,b) > defined by< (fis.44),(a,b) > =(< figa >, < A4,b>) is called the extension offis,14)
by (a, b). If a = b then it is denoted by (i, ,14),a >.

Theorem 2.8 Let a cubic fuzzy sed = (fis,A14) be a cubic fuzzy BCK- positive implicative ideal of a
BCK-algebraX anda, b € X. Then the extensior ({4 ,44),(a, b) > of (fis, 44) by (a, b)is also a cubic
fuzzy BCK-positive implicative ideal o¥.

Proof: Suppose that a cubic fuzzy gt (iiy,A44) be a cubic fuzzy BCK- positive implicative ideal of a
BCK-algebraX anda, b € X. Letx,y,z € X. Then we have
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<fga>(0)=7[,00xa)
=14 (0)
= i (x xa)
=< iy, a> (x)and
<Ay b>(0)=2,0%b) =2,(0) < u(x*b) =< Ay, b > (x)
Now < fig,a > (x *2z) = fig((x *2) * a) = fiy((x * a) * (z * a))
= min{g, (((+ @) « (v + @) * 2+ @) fa((y * @) * (2 @)}
= rmin {f, (((x ) +2) * ), fu (v + 2) * @)}
=min{< gya > ((x*y) *z), < fiya > (y * 2)}
Similarly < A4,b > (x *2) = A,((x * z) * b)
= 24((x = b) = (z* b))

< max{AA (((x xb) * (y * b)) x (z % b)) ,Aa0((y = b) * (z * b)}

= max{4 ((Gcxy) #2) *b), 24( * 2) * b))
=max{< A4, b > ((x *y) *2),< 44, b > (y x2)}.

Hence the extension (fis,44), (a,b) > of (fis,A4) by (a,b) is a cubic fuzzy BCK-positive implicative
ideal of X.

Corollary 2.9. Let a cubic fuzzy sed = (fis,A4) be a cubic fuzzy BCK- positive implicative ideal of a
BCK-algebraX anda € X. Then the extensioq (i, ,44),a > of ({i,,14) bya is also a cubic fuzzy BCK-
positive implicative ideal ofX.

3 Conclusion

In this paper cubic fuzzy BCK positive implicative idealsSBCK-algebra are introduced. Example is given
in support of the definition of cubic fuzzy BCK positive inggltive ideals. Some theorems are proved. And
also introduced cubic fuzzy ideal extension and proved loe@em. It will help to improve the concept of
fuzzy ideals. There are many other aspects which shoulgptered and studied in the area of fuzzy ideals
such as cubic fuzzy implicative ideals and cubic fuzzyrootative ideals.
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