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Abstract

We present a new method to extract statistical constraints on the progenitor properties and formation channels of
individual gravitational-wave sources. Although many different models have been proposed to explain the binary
black holes detected by the LIGO Scientific and Virgo Collaboration (LVC), formation through isolated binary
evolution remains the best-explored channel. Under the assumption of formation through binary evolution, we use
the statistical wrapper Dart_board coupled with the rapid binary evolution code COSMIC to model the
progenitor of GW150914, the first gravitational-wave signal detected by the LVC. Our Bayesian method combines
the likelihood generated from the gravitational-wave signal with a prior describing the population of stellar binaries
and the universe’s star formation and metallicity evolution. We find that the dominant evolutionary channel for
GW150914 did not involve a common-envelope phase, but instead the system most probably (;70%–90%)
formed through stable mass transfer. This result is robust against variations of various model parameters, and it is
reversed only when dynamical instability in binaries becomes more likely when a strict condition favoring
common envelopes is adopted. Our analysis additionally provides a quantitative description of the progenitors
relevant to each channel.

Unified Astronomy Thesaurus concepts: Gravitational wave sources (677); LIGO (920); Binary stars (154);
Interacting binary stars (801)

1. Introduction

One of the breakthroughs of 21st-century physics has been
the observation by the Laser Interferometer Gravitational-Wave
Observatory (LIGO) of gravitational waves caused by the
coalescence of two black holes (BHs; Abbott et al. 2016b).
Since then, the LIGO (Aasi et al. 2015) and Virgo (Acernese
et al. 2015) observatories have detected many others, such that
there are now ;40 observations of the coalescence of two BHs
(Abbott et al. 2020c). Additionally, there are two observations
from the coalescence of two neutron stars (NSs; Abbott et al.
2017a, 2020a) and the possible mergers of a BH and an NS
(GW190814, GW190426_152155; Abbott et al.
2020d, 2020c). Gravitational-wave sources observed by the
LIGO Scientific and Virgo Collaboration (LVC) have ushered
in a new chapter of physics, including constraints on the
equation of state of NSs (Malik et al. 2018; Abbott et al. 2019;
Coughlin et al. 2019; Landry et al. 2020; Abbott et al. 2020b),
tests of general relativity (Abbott et al. 2016a; Yunes et al.
2016; Abbott et al. 2020e), and the production of heavy
elements (Abbott et al. 2017b; Chornock et al. 2017; Tanvir
et al. 2017; Rosswog et al. 2018; Watson et al. 2019).

In addition to their many contributions to fundamental
physics, these observations also afford unique astrophysical
insights, providing information related to compact object
formation. Several formation channels exist, including the
merger of primordial BHs (Bird et al. 2016; Sasaki et al. 2016;
Clesse & Garcia-Bellido 2020), the homogeneous evolution of
two massive stars through tidal locking (de Mink &
Mandel 2016; Mandel & de Mink 2016; Marchant et al.
2016) or mass transfer (MT; Eldridge & Stanway 2016), the
evolution of two massive Population III stars (Kinugawa et al.

2014, 2021), and a dynamical origin in which exchange
interactions produce BHs in tight orbits at the centers of dense
stellar environments, such as globular clusters (Rodriguez et al.
2016a; Hong et al. 2018; Rodriguez et al. 2019; Antonini &
Gieles 2020; Martinez et al. 2020), young stellar clusters (Ziosi
et al. 2014; Di Carlo et al. 2019; Santoliquido et al. 2021), and
nuclear star clusters (Antonini & Rasio 2016; Stone et al. 2017;
Secunda et al. 2019; Fragione & Silk 2020; Gröbner et al.
2020), as well as the interaction of triple (or higher-order)
systems (Antonini et al. 2017, 2018; Rodriguez & Anto-
nini 2018; Fragione & Kocsis 2019). However, perhaps the
most developed channel involves the formation of BHs from
two high-mass stars evolving together in a binary system
(Belczynski et al. 2016a; Eldridge & Stanway 2016; Stevenson
et al. 2017; Spera et al. 2019; Bavera et al. 2021); in this
channel, the stars undergo multiple phases of MT, tidal
coupling, and survival through two core-collapse events.7

No systems comprised of two BHs are known to exist in our
Galaxy, so the LVC detections form a unique data set. The few
known high-mass X-ray binaries might be expected to evolve
into binary BHs, but these will likely form into systems too
wide to merge in a Hubble time and therefore do not form
progenitors of LVC detections (Qin et al. 2019; Neijssel et al.
2021). Although there have been claims that several Wolf–
Rayet X-ray binaries are the progenitors to binary BH mergers
(Bulik et al. 2011; Belczynski et al. 2013; Bogomazov 2014),
the optically thick winds in these systems make the nature of
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7 While the chemically homogeneous channel (e.g., de Mink & Mandel 2016)
also involves the evolution of two massive stars in a binary system, here we are
referring to more traditional binary evolution channels in which the two stars’
orbit is not so tight that strong internal mixing is induced.
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the compact object accretor uncertain. Recently, Mondal et al.
(2020) argued that a substantial fraction of the ultraluminous
X-ray binaries observed throughout the universe will evolve
into merging BH binaries; however, these systems are distant,
and, despite their growing population (Kovlakas et al. 2020),
ultraluminous X-ray binaries are still observationally ill-
constrained. Therefore, we are largely informed about BH–
BH formation using model predictions. By comparing the
observed sample with a synthetic population generated using
rapid binary evolution codes, the BH masses and spins in the
LVC sample have been used to constrain binary evolution
(Belczynski et al. 2016b; Eldridge & Stanway 2016; Stevenson
et al. 2017; Giacobbo & Mapelli 2018; Giacobbo et al. 2018;
Qin et al. 2018; Neijssel et al. 2019; Spera et al. 2019;
Stevenson et al. 2019; Belczynski et al. 2020; Zevin et al.
2020b; Bavera et al. 2020, 2021; Bouffanais et al. 2020;
Santoliquido et al. 2021; Wong et al. 2021; Zevin et al. 2021).

Gravitational-wave observations have been used to both
understand the properties of their source progenitors and
constrain the physics that governs compact object mergers and
the production of gravitational radiation. In this work, we will
address the first question: what were the progenitor stars that
evolved to form a merging BH–BH binary? Previous
investigations into this question derived results from a subset
of a synthetic population selected such that the chirp mass
(perhaps with other parameters included as well) falls within
some range of the LVC-derived values. Such a technique has
been employed to provide models for the formation of
GW150914 (Belczynski et al. 2016a), as well as several other
systems (e.g., Stevenson et al. 2017; Abbott et al. 2017c;
Olejak et al. 2020; Zevin et al. 2020b). While this method can
provide approximate constraints on the formation of individual
systems, it does not make full use of the information available
from the gravitational-wave observation. First, this approach
does not take into account the likelihood of different source
parameters, and all BH masses within the range of uncertainties
are treated as equal. Second, the parameter values provided by
the LVC are inferred using uninformative prior probabilities for
the source properties, which may be a poor reflection of the
underlying astrophysical distribution. The inferred values can
be sensitive to the choice of prior (e.g., Abbott et al. 2019;
Fishbach et al. 2020; Zevin et al. 2020a); so, to be self-
consistent, one should use a prior that matches the population
model being considered. In Andrews et al. (2018), we
described a code, Dart_board, that uses a Bayesian method
to model the formation of individual stellar binaries and
produce posterior probability distributions of the set of
progenitor properties, and here we apply this approach to find
the probable source for GW150914.

In Section 2, we describe how we adapt Dart_board to
model individual gravitational-wave sources using the para-
meter-estimation posterior samples provided in the publicly
available LVC data (Abbott et al. 2019).8 We describe the basic
formation channel we find for GW150914 in Section 3 and
describe its robustness when accounting for the principle
uncertainties in binary evolution physics.9 We comment on the

relevance of our results and their implications for current and
future gravitational-wave sources in Section 4.

2. Method

2.1. Model Outline

To model individual gravitational-wave detections, we start
with the rapid binary evolution code COSMIC (Breivik et al.
2020). This code is an open-source and updated form of the
rapid binary evolution code BSE (Hurley et al. 2002), which
itself uses fitting formulae to model the evolution of single stars
(Hurley et al. 2000). The COSMIC code models the evolution
of binary stars using the best possible physical prescriptions,
starting from the zero-age main sequence (ZAMS) through
tidal interactions, multiple MT phases, and supernovae until the
stars in these systems have completely evolved into compact
objects. Breivik et al. (2020) provided a comprehensive
description of the updated physics included within COSMIC.
Here we only briefly mention the relevant, significant choices
in physics we have made for our default model. During stable
MT, we assume that an accretor accepts half the mass lost by
the donor (we discuss this assumption below in Section 3.4).
For systems with donor masses more than three times the
accretor, the binary will enter a common envelope (CE).
Despite their not yet fully developed cores, Hertzsprung gap
stars are allowed to proceed through a CE, although we vary
this assumption below. Evolution follows the α–λ prescription
when going through a CE, with α= 1 (Webbink et al. 1983; De
Marco et al. 2011) and λ set by the prescription in Claeys et al.
(2014). For sufficiently massive He stars at core collapse, BHs
are formed according to the rapid prescription from Fryer et al.
(2012), where, upon core collapse, we have allowed for up to
10% of the baryonic mass of the core to be lost due to
neutrinos, with the prescription described in Appendix A.2 of
Zevin et al. (2020b). We adopt a prescription for pulsational
pair-instability supernovae that only affects stars forming BHs
45Me, making this process irrelevant for GW150914 in our
model. At birth, these BHs are assumed to have small but
nonzero natal kicks distributed isotropically, with a magnitude
following a Maxwellian distribution with a dispersion velocity
σk= 10 km s−1, and BH kicks are not modulated by fallback.
Although the preceding options define the physics in our
standard model, COSMIC is written to flexibly allow for
variations in many of these prescriptions, several of which we
explore in Section 3.4.
Typically, rapid binary evolution codes like COSMIC are

used to generate a large number (>106) of samples from which
a small subset is selected that produces binaries consistent with
a class of objects or a particular observation. Rather than
generate a synthetic population, we use COSMIC to model
binaries one at a time with initial binaries determined by our
statistical wrapper Dart_board (Andrews et al. 2018). This
code considers binary evolution as a parameter-estimation
problem, solving for the most probable ZAMS component
masses, orbital period, eccentricity, and metallicity. To satisfy a
detailed balance, the supernova kick velocity, direction, and
mean anomaly for each star are included as model para-
meters.10 The result is that there is no randomness associated
with binary evolution, and a particular combination of model
parameters will evolve into the exact same binary every time it

8 Posterior samples for GW150914 available from doi.org/10.7935/
KSX7-QQ51.
9 For reproducibility, we make publicly available the scripts we used for
running our separate models, as well as those used in creating the figures
displayed throughout this work: github.com/astroJeff/dart_GW150914.

10 At the moment of supernova, most but not all binaries have circularized
prior to core collapse.
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is run. For the binary BH sources we are interested in, our
model contains 13 parameters, which we summarize as xi.

Dart_board uses emcee (Foreman-Mackey et al. 2013), a
Markov Chain Monte Carlo (MCMC) implementation of the
ensemble algorithm developed by Goodman & Weare (2010),
to sample the parameter space based on a posterior probability,
P(xi|D, Λ), where D refers to some set of observational data (in
our case, the gravitational-wave signal) and Λ refers to the
parameters of the binary evolution model. The posterior
probability can be split into a prior probability P(xi|Λ) and
likelihood P(D|xi, Λ) using Bayes’ theorem:

( ∣ ) ( ∣ ) ( ∣ )
( ∣ )

( )P x D
P D x P x

P D
,

,
. 1i

i iL =
L L
L

The denominator P(D|Λ) represents the Bayesian evidence,
which for the purposes of this study can be ignored, since we
are not comparing between models. Therefore, this method
requires prior distributions on all model parameters, as well as a
likelihood function for gravitational-wave observations (Cutler
& Flanagan 1994). Our analysis additionally needs to account
for the evolution of the star formation rate and metallicity of the
universe over cosmological times. We separately describe how
we account for each of these terms below.

2.2. Prior Function

For each of our model parameters, we must provide a prior
probability. We use standard priors, the primary star’s mass M1

is drawn from a Salpeter initial mass function (IMF;
Salpeter 1955), the secondary star’s mass M2 is drawn from a
flat mass ratio, the orbital separation a is drawn from an Opik’s
law distribution (Öpik 1924), and we use a thermal eccentricity
distribution:
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We find that these limits are sufficient to fully encompass the
regime of systems producing binary BH mergers.

The BHs receive supernova kicks at birth with a magnitude
following a Maxwellian distribution isotropically directed with
a polar angle θ, an azimuthal angle f, and a mean anomaly at
the moment of collapse ω:
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Since our algorithm relies only on the relative probabilities,
improper priors are sufficient for our purposes, and for
concision, we neglect normalizing constants in each of these
prior probabilities in Equations (2) and (3).

Our final model parameter, the metallicity Z, is determined in
a different way, as it accounts for the cosmological evolution of
the star-forming activity of the universe. We discuss how we
calculated that term in Section 2.3.

2.3. Including Cosmological History

Both the average star formation rate and the typical
metallicity of newborn stars within the universe evolve over
cosmic time. We use the star formation rate as a function of
redshift (z) from Madau & Dickinson (2014):

( ) ( )
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z
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Since this is a volumetric star formation rate, we need to
account for the increasing volume probed as a function of
comoving distance DC by multiplying the star formation rate by
the comoving volume element D dD4 C C

2p . The probability of a
binary forming at a distance DC is proportional to this volume
element and the star formation rate at the redshift corresp-
onding to that volume element (in a flat spacetime, the line-of-
sight comoving distance is equal to the transverse comoving
distance; Hogg 1999),
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1
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and the (1+ z)−1 term in Equation (5) translates the volumetric
star formation rate from a local rate to an observer-frame rate.
We also calculate the metallicity evolution of the universe Z

(z),

( )
( )

( )Z z y
z

, 6
b

r
r
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where y= 0.23 is a constant determined by integrating the
metallicity yields of massive stars over a Salpeter IMF from 10
to 60Me, ρ*(z) is the mass density of stars at a redshift z, and
ρb= 2.77× 1011Ωbh

2MeMpc−3 is the baryon density of the
universe (Madau & Dickinson 2014). Using results from the
Planck mission, we set Ωbh

2= 0.0223 (Ade et al. 2016).
Finally, ρ*(z) is calculated by integrating the star formation rate
over cosmic history from a very high redshift (we choose
z= 200 as our upper limit, but the exact value has a negligible
impact) to z,

( ) ( ) ( )
( )( )

( )z R z
dz

H z z
1

1
, 7

z

200

òr y= - ¢
¢

¢ + ¢*

where H(z) is the Hubble parameter and R is the average
fraction of mass from a star that is returned to the interstellar
medium. Adopting the same assumptions on the IMF as in
calculating y above, we set R= 0.29 (Madau &
Dickinson 2014).
The prior on Z is then determined to be a truncated normal

distribution in log-space, around Z(z), bound between Zmin and
Zmax, with a standard deviation of half a decade:

⎧
⎨⎩

( ∣ ) ( ( ) ) ( )P Z z
Z Z z Z Z Zlog ; log , 0.5 , ,

, other.
8min max= < <

-¥


We set Z 5 10min
5= ´ - and Z 3 10max

2= ´ - based on the
limits of applicability of the stellar evolution models within
COSMIC. Throughout this work, Z is considered to be in
absolute terms (X+ Y+ Z= 1) rather than relative to the solar
metallicity.
We include these two functions as priors on our model

parameters, DC and Z: P(DC, Z)= P(Z|DC)P(DC).
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2.4. Including Gravitational-wave Observations

For each source detected, the LVC provides posterior
samples on the two BH masses, as well as the luminosity
distance to the merger, produced from their parameter-
estimation pipeline (Abbott et al. 2016c). Here we do not
incorporate spin constraints (e.g., Zevin et al. 2021). We
reparameterize the LVC samples from individual BH masses
and luminosity distances into a total mass MT, a mass ratio q
(0� q� 1), and a comoving distance DC. These samples
cannot be used directly in our calculations, as they were
produced under the assumption of a specific prior distribution.
The LVC provides a set of prior samples in this three-
dimensional space from which we derive a kernel density
estimate (KDE) representation.11 For each posterior sample
provided by the LVC, we can calculate its associated prior
probability using our KDE representation. By weighting each
jth posterior sample by the inverse of the prior probability it
was produced with,

( ) ( )w P M q D, , , 9j T j j C j, ,
1= -

the set of posterior samples then represent the likelihood
function. Figure 1 shows the joint likelihood function on MT, q,
and DC derived from these samples that we use throughout
this work.

Using the binary evolution code COSMIC, we calculate the
evolution of a set of initial binary parameters at ZAMS xi until
the system either produces two compact objects, merges, or
reaches a Hubble time, whichever happens first. We summarize
the final state of the binary as xf= f (xi), where f is an abstract
mapping representing the evolution of the binary from its initial
state to the final state.

We start by marginalizing over the possible values of MT, q,
and DC,

( ∣ ) ( ∣ )
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where dΩ= dMT dq dDC.
Using the LVC samples drawn from the posterior probability

P(MT, q, DC|D), we can approximate the first term of the
integrand in Equation (10) by applying the weights wi defined
in Equation (9):

( ∣ ) ( ∣ ) ( )P D M q D w P M q D D, , , , . 11T C T Cµ

Therefore, we can approximate Equation (10) with a sum,
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j

N
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0
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=

where the subscript j denotes samples drawn from the LVC
posterior set (MT, q, DC), and wj are the prior weights on each
of those samples. For each binary with initial conditions xi and
each LVC sample {MT,j, qj, DC,j}, we calculate P(MT, q, DC|xi)
by separating it into three terms,

( ∣ ) ( ∣ ) ( ∣ ) ( ∣ ) ( )P M q D x P M M P q q P D x, , 13T j j C j T j T j C j, , i , , i=

where MT and q are the total system mass and mass ratio,
respectively, of the final system: (MT, q)ä xf. This separation is
justified, since any covariance between MT, q, and DC is
naturally included within the posterior samples and associated
weights.
To calculate the first two terms on the right-hand side of

Equation (13), we use Gaussian distributions, which is
mathematically equivalent to representing the posterior samples
from the LVC as a KDE. We use a bandwidth of 1/100 for q
and 1/10 Me for MT, and we add a reflective boundary to the
distribution over q at q= 1.
The third term on the right-hand side of Equation (13) deals

with the comoving distance of the LVC observation. The total
age of the progenitor is the sum of the system’s formation time
(time between ZAMS and when the second BH is formed), the
merger time of the system due to gravitational radiation after
the second BH is formed, and, finally, the look-back time
associated with the system’s comoving distance. Therefore, the
probability of the total age of the system is set by the star
formation rate of the universe when the system formed.
We transform the probability from the comoving distance to

the merger to DC*, the comoving distance to the formation of the
system (corresponding to the total age
tformation+ tmerge+ tlook-back, where tlook-back is the look-back
time to the merger):

( ∣ ) ( ∣ ) ( )P D x P D Z . 14C j C, i = *

Typically, tformation is significantly less than both tlook-back and
tmerge, but we include it here for completeness. The
transformation between variables in Equation (14) is allowed,
since the associated Jacobian is unity. The dependence on Z
comes from the joint evolution of the star formation rate and
metallicity of the universe over cosmological times.
We have purposefully neglected to provide a prior

probability for the metallicity P(Z) in Section 2.2, but this

Figure 1. Distribution of publicly available samples provided by the LVC for
GW150914. These have been weighted by the inverse of the astrophysical
priors adopted by the LVC team and reparameterized, so this distribution
corresponds to the likelihood of total mass, mass ratio, and comoving distance
P(MT, q, DC). There is a strict boundary q = 1, requiring mass ratios less than
unity.

11 We use the code kalepy (Kelley 2021) to calculate the prior probability
density, rescaling the total mass and distance so that they range between zero
and 1.
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term is necessary, as Z is a model parameter. A prior for the
metallicity can be derived from the formation redshift of the
source,

( ) ( ∣ ) ( ) ( )P Z D P Z D P D, , 15C C C=* * *

where both terms on the right-hand side are provided in
Section 2.3.

By combining the prior probabilities in Equations (2) and (3)
with the likelihood in Equation (12), we can now calculate the
posterior probability for any xi for a set of posterior samples
provided by the LVC.

3. Results

3.1. Model Setup

To use Dart_board, we must first initialize the samples in
a high-probability region of posterior space. Typically,
Dart_board does this by taking random draws in the high-
dimensional parameter space, then initializing all of the walkers
in an N-ball around the point with the highest posterior
probability. The case of GW150914 initialization is a challenge
for two reasons. First, few binaries form binary BHs, and far
fewer merge with conditions consistent with the observations
of GW150914. Second, two separate formation channels could
be responsible for forming GW150914, each with their own
modes in posterior space, which can cause difficulties for the
proposal distributions of ensemble samplers like emcee.

We solve both problems using a two-step process for
initialization. First, we run a Dart_board simulation with
320 walkers for 20,000 steps, selecting only for binaries that
produce BH–BH systems; without any restriction for any
characteristics related to GW150914 or even that the BH–BH
systems ought to merge in a Hubble time, initialization using
random draws is computationally reasonable. From the
resulting sample of points in parameter space that produce
BH–BH systems, we then calculate the likelihood function for
each point for forming GW150914 from Equation (12). Most
samples have GW150914 likelihoods that are effectively zero.
However, a small subset of samples produce BH–BH systems
consistent with the LVC constraints on GW150914ʼs progeni-
tor. From these samples, we initialize a second set of separate
Dart_board simulations, one for each channel, using the full
likelihood in Equation (12) to model GW150914. We find that
there are two dominant formation channels forming
GW150914ʼs source, which we describe below. The presence
of separate subchannels within these two formation channels
causes some difficulty for the walkers, restricting their ability to
efficiently move throughout the parameter space. We therefore
use a parallel-tempering MCMC algorithm (Vousden et al.
2016) for each of these simulations, using 320 walkers for
100,000 steps. With our choice of a maximum temperature of
10, we find that the walkers are able to explore all of the
subchannels, largely without expanding to the alternative
formation channel. In the cases where some walkers moved
between both channels, we remove those that have transitioned
in postprocessing. From the posterior samples, we remove the
first 10,000 steps and derive statistical constraints on
GW150914ʼs formation from the remaining 90,000 steps.

3.2. Two Formation Channels

Regardless of our choice of model parameters, we always
find two dominant formation channels: one in which MT

always proceeds stably (stable MT channel) and one in which
the system goes through at least one CE (CE channel). Figure 2
provides a schematic for the evolution of a binary through each
of these channels. After the initially more massive star in the
binary has evolved off the main sequence, it overfills its Roche
lobe, leaving a helium star with a more massive main-sequence
companion. Once the helium star collapses into a BH, the
secondary then evolves off the main sequence and overfills its
own Roche lobe. The bifurcation separating the two formation
channels depends on whether this phase of MT is dynamically
stable (stable MT channel) or unstable (CE channel). In both
cases, the subsequent evolution proceeds similarly; the
secondary follows the evolution of the primary, losing its
entire hydrogen envelope and forming a helium star that
eventually collapses to a BH, and finally, gravitational radiation
leads to the BHs merging.
A variation on the CE channel depicted in Figure 2 is

realized in the COSMIC simulations, in which the two stars
have similar enough masses that they evolve off the main
sequence at similar times. When the (slightly) more massive
star overfills its Roche lobe as a core helium-burning giant, the
companion is also a giant star, leading to a double CE. Since it
is not clear that such a case avoids a complete merger, and
because the overall evolution is largely similar to the channel
shown in the right-hand branch of Figure 2, throughout this
work, we use the term CE channel to refer to both subchannels.
Despite the broad similarities between the stable MT and CE

channels, the initial binary parameters are different. The corner
plot in Figure 3 compares the posterior samples between the
two formation channels from our standard model for the ZAMS
parameters: M1, M2, alog , e, and Zlog . We ignore the eight
model parameters associated with supernova kicks, as these
provide little insight into formation; the posterior distributions

Figure 2. The two standard formation channels for forming binary BH
mergers. In the CE channel, MT is unstable, which requires orbits that are
initially much wider than those of the stable MT channel. The divergence
between the two channels depends on assumptions about MT stability.
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for these parameters closely follow their priors, defined in
Equation (3). The difference between the two channels is most
striking in the orbital separation of the progenitors. Since
unstable MT shrinks the orbit by 2 orders of magnitude,
whereas stable MT has a much smaller impact on the orbital
separation, the GW150914-like binaries forming through the
CE channel must start with an initially wider orbit; binaries
going through this channel with smaller orbital periods at the
ZAMS will merge within the CE. The curved distributions in
the log a–e panel in Figure 3 are a result of the fact that upon
Roche lobe overflow, COSMIC circularizes an initially
eccentric binary so that angular momentum is conserved.
There is therefore a degeneracy following a(1− e2) in the

distributions in this panel, a result previously described by
Andrews et al. (2018).
In addition to the orbital separation, the mass distribution

between the two channels also differs. Shown clearest in the
first panel of the second row, which compares the initial masses
of the two stars, the CE channel typically forms from stars with
similar initial masses of ∼90Me. As a comparison, the
example binary progenitor to GW150914 described by
Belczynski et al. (2016a) originated with two stars of masses
96.2 and 60.2Me that evolved through the CE channel. The
stable MT channel, on the other hand, forms from less massive
stars, extending to mass ratios different from unity. The two
separate maxima in the M1 versus M2 panel of Figure 3 are due

Figure 3. The ZAMS binary parameters forming GW150914 for our standard model. The top right panel compares the LSC posterior distribution (black contours) for
the BH masses with our posterior distribution for the stable MT channel (blue contours) and the CE channel (orange contours) for 50% and 90% credible intervals.
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to subchannels in the stable MT channel, depending on whether
the stable MT phase is case B or C.

While the initial eccentricity distribution is similar between
the two formation channels, the metallicity distribution shows a
stark difference. The stable MT channel shows a unimodal
distribution, peaking at Z= 10−4 (;0.5% Ze), whereas the CE
channel shows an additional peak at Z= 10−3 (;5% Ze). Since
the metallicity of the universe evolves over time, this double-
peaked distribution in Zlog corresponds to a bimodal
distribution in the formation time of the system, a characteristic
discussed by Belczynski et al. (2016a) in the context of the
formation of GW150914 through the CE channel.

To look more carefully at the distribution of Z, in Figure 4,
we show the covariance between log Z, z, and the birth time of
the system, tlook-back. Since metal-rich stars have stronger stellar
winds and produce less massive BHs, the progenitor of
GW150914 had to have been born with low metallicity (Abbott
et al. 2016d; Belczynski et al. 2016a). Our results in the bottom
right panel of Figure 3 and in Figure 4 show that, using our
models (based on SSE fits to stellar models; Hurley et al.
2000), the progenitor to GW150914 must have been born with
log Z−2.5. Because we use the Madau & Dickinson (2014)
relation between metallicity and look-back time, this low-
metallicity requirement essentially ensures that the progenitor
to GW150914 was born ;10–12 Gyr ago (although Figure 4
shows a small, low-probability region through the CE
formation channel at an age of ;1.5 Gyr). The most probable
formation time is consistent with Lamberts et al. (2016), who
used a galactic redshift-dependent mass–metallicity relation
(Mannucci et al. 2009), but we find a different distribution of
formation times.

Finally, we can use the posterior samples from our
Dart_board simulations to derive updated constraints on
the BH masses of GW150914ʼs source. We show these
constraints in the top right panel of Figure 3 for both formation
channels. As a consistency check, we overplot the LVC
posterior distribution as gray contours. Neither channel adds

significant improvements to the BH mass constraints, although
compared with the stable MT channel, the CE channel forms
BHs with mass ratios closer to unity.

3.3. Branching Ratios

While Figure 2 shows the distribution of binaries formed
through both principle formation channels, one cannot
immediately glean the branching ratio between them. To do
this, we follow the procedure outlined in Appendix E of
Andrews et al. (2018). We use the samples from the first step of
our binary initialization procedure, our Dart_board model
that produces only BH–BH binaries without any constraint
from an LVC detection. These samples form a set of prior
samples for any specific LVC observation. We then calculate
the GW150914 likelihood, defined in Equation (12), to each of
these samples. In Figure 5, we show the results of this
calculation; the top panel shows the posterior distribution in

alog –e from our GW150914 simulation (repeated from
Figure 3), while the bottom panel shows the log likelihood as

Figure 4. The relation between metallicity, look-back time, and redshift from
Madau & Dickinson (2014) is indicated by the dashed line. Gray contours
indicate the star formation rate history in this space and serve as our prior
probability on Z and z (described in Section 2.3). We compare the prior
probability against the posterior distributions from our two formation channels
(stable MT channel in blue; CE channel in orange) of the look-back time to the
birth of the progenitor to GW150914. The BHs producing GW150914 are
sufficiently massive that they require Zlog 2.5- . The metallicity–age
relation from Madau & Dickinson (2014) strongly preferences such low-
metallicity systems to be born ;10–12 Gyr ago.

Figure 5. Orbital separation and eccentricity distribution at the ZAMS for our
standard model (top panel) for the stable MT channel (blue) and CE channel
(orange). To determine the relative ratios between the two formation channels,
we calculate the likelihoods as a function of the ZAMS periastron separation
for a set of posterior samples from a Dart_board simulation that models the
formation of binary BHs (bottom panel).
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a function of the periastron separation at the ZAMS for our
prior sample of BH–BH binaries. The marker colors indicate
each synthetic binary’s formation channel.

From Appendix E of Andrews et al. (2018), the branching
ratio between the two channels (indicated with the A and B
subscripts) can be calculated from the sum of the likelihoods
over the prior samples for both channels,
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where NA and NB correspond to the number of prior samples
going through each channel. The CA and CB in the likelihoods
clarify which channel the system had to have formed through.
Normalizing the ratio between the two channels so that they
add up to unity provides the branching probability for each
channel fchannel.

The bottom panel of Figure 5 shows that there are two peaks
in the likelihood function, one with ( ) a Rlog 1.5peri and
one with ( ) a Rlog 3.5peri . These correspond to the stable
MT (blue markers) and CE (orange markers) channels,
respectively. There are also a large number of points as part
of the CE channel with intermediate orbital separations, with

( )a Rlog peri ranging from 2 to 3. However, these points have
likelihoods that are approximately 3 orders of magnitude lower
than either of the two peaks at a ( )a Rlog peri of ;1.5 or ;3.5.
Therefore, these points do not contribute significantly to the
posterior distribution in the top panel of Figure 5, leaving a
large gap between the CE and stable MT contours.

3.4. Model Variations

In addition to our standard model, we run six other models
varying several parameters that we expect to have a significant
impact on BH–BH formation. Differences between the models
arise in the exact binary parameters forming through each
channel, as well as the branching ratios describing the number

of systems evolving through each channel. We provide the
posterior constraints on the ZAMS binary parameters for each
model separately for each channel in Table 1. Listed errors
define 90% credible intervals. We discuss each of these models
in turn below. The other parameters are fixed to their values in
the standard model.
In our standard model, we set the CE efficiency to unity.

However, recent CE hydrodynamic simulations suggest that
αCE may be as low as 0.5 (or possibly even lower; Law-Smith
et al. 2020) or as high as 5 (Fragos et al. 2019). Since the CE
efficiency can have a significant effect on the merging BH–BH
population (Dominik et al. 2012; Barrett et al. 2018; Giacobbo
& Mapelli 2018; Zevin et al. 2021), we test these two
additional values. The BH–BHs evolving through the stable
MT channel avoid CEs; therefore, differences in the ZAMS
binary parameters in this channel when compared to our
standard model are statistical. As expected, the CE channel
shows some differences. Since a higher αCE corresponds to a
more efficient envelope ejection mechanism, and therefore less
orbital shrinkage, our αCE= 5 model has an initial orbital
separation smaller by an order of magnitude. Additionally, this
model has a branching ratio for the CE channel of ;52%, more
that double that of our standard model. The αCE= 0.5 model,
on the other hand, has characteristics similar to our standard
model.
Table 1 shows an additional CE model (pessimistic CE) in

which we force all Hertzsprung gap stars to merge within a CE.
The parameters describing the formation of these systems are
nearly identical to our standard model, except fewer (;16%)
systems form through the CE channel in this model. This is
because in our fiducial model, half of all binaries forming
through this channel enter unstable MT on the Hertzsprung
gap; the other half enter on the helium main sequence.
We run two additional models varying MT parameters. In

our standard model, we assume that half of all the mass lost by
the donor during stable MT is incorporated by the accretor.
This is the fraction assumed by Belczynski et al. (2016a) in

Table 1
Posterior Constraints on the Prevalence and Characteristics of the Two Dominant Formation Channels Responsible for GW150914

Model Λ fchannel M1 M2 log a log Z MBH,1 MBH,2

(Me) (Me) (Re) (Me) (Me)

Stable MT Channel

1 (std) L 0.77 96 24
37

-
+ 52 10

16
-
+ 1.99 0.31

0.73
-
+ 3.63 0.63

0.81- -
+ 35.0 5.3

5.3
-
+ 30.9 3.8

6.1
-
+

2 αCE = 0.5 0.78 95 24
36

-
+ 52 10

16
-
+ 1.95 0.28

0.78
-
+ 3.67 0.59

0.84- -
+ 34.8 5.4

5.5
-
+ 30.9 3.8

6.4
-
+

3 αCE = 5 0.48 96 24
36

-
+ 51 10

15
-
+ 1.94 0.28

0.89
-
+ 3.59 0.66

0.78- -
+ 34.9 5.0

5.2
-
+ 30.8 3.8

5.7
-
+

4 Pessimistic CE 0.84 95 24
37

-
+ 52 10

16
-
+ 2.01 0.33

0.77
-
+ 3.67 0.59

0.84- -
+ 34.9 5.5

5.4
-
+ 30.9 3.9

6.5
-
+

5 facc = 1 0.90 83 11
23

-
+ 43 12

10
-
+ 2.31 0.41

1.11
-
+ 3.41 0.74

0.59- -
+ 32.3 3.5

4.6
-
+ 34.0 4.3

4.0
-
+

6 qcrit = 2 0.02 91 8
9

-
+ 47 4

4
-
+ 1.87 0.24

0.44
-
+ 4.15 0.13

0.49- -
+ 37.4 2.9

2.7
-
+ 30.2 2.6

2.2
-
+

7 σk = 150 km s−1 0.94 89 15
35

-
+ 61 18

17
-
+ 2.65 0.75

1.34
-
+ 3.39 0.73

0.61- -
+ 34.1 4.6

6.8
-
+ 32.1 6.1

5.1
-
+

CE Channel

1 (std) L 0.23 87 11
13

-
+ 82 9

13
-
+ 4.12 0.70

0.51
-
+ 3.12 1.10

0.33- -
+ 34.2 4.5

3.7
-
+ 32.4 2.7

2.9
-
+

2 αCE = 0.5 0.22 109 30
35

-
+ 99 24

36
-
+ 4.38 0.54

0.32
-
+ 2.77 1.29

0.13- -
+ 34.0 3.0

3.7
-
+ 32.3 3.7

2.9
-
+

3 αCE = 5 0.52 81 10
10

-
+ 78 9

10
-
+ 3.16 0.60

1.06
-
+ 3.12 0.70

0.32- -
+ 30.0 2.8

3.8
-
+ 35.4 3.6

3.3
-
+

4 Pessimistic CE 0.16 89 12
12

-
+ 84 10

12
-
+ 4.16 0.53

0.48
-
+ 3.11 1.05

0.16- -
+ 34.5 3.1

3.5
-
+ 32.1 2.6

2.8
-
+

5 facc = 1 0.10 84 11
13

-
+ 79 18

14
-
+ 4.08 0.70

0.55
-
+ 3.08 1.08

0.33- -
+ 33.5 5.4

4.0
-
+ 32.8 2.9

4.1
-
+

6 qcrit = 2 0.98 107 25
38

-
+ 82 20

40
-
+ 4.09 0.64

0.54
-
+ 2.74 0.38

0.15- -
+ 35.1 3.7

4.1
-
+ 31.0 4.5

3.2
-
+

7 σk = 150 km s−1 0.06 87 10
30

-
+ 82 9

24
-
+ 4.12 0.59

0.52
-
+ 3.39 0.73

0.65- -
+ 34.3 3.1

3.6
-
+ 32.0 2.9

3.0
-
+

Note. Uncertainties define 90% credible intervals.
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explaining the formation of GW150914, and recently,
Bouffanais et al. (2020) argued that the LVC data set implies
that this fraction facc cannot be less than 0.3. Therefore, we
additionally test a conservative MT model, in which no mass is
lost from the system during MT ( facc= 1). Compared with our
standard model, Table 1 shows that the initial secondary mass
for both channels in this model is ;5–10Me less. Other model
parameters show only minor differences. In our second MT
model (qcrit= 2), we set the critical mass ratio (donor mass
divided by accretor mass), leading to a CE to 2 for all donor
star types. Since this critical ratio is significantly less than our
default value of 3, many more binaries enter into a CE. As a
result, this model shows the starkest contrast with all others.
Table 1 shows that 98% of all viable samples form through a
CE; systems that would normally form through the stable MT
channel now enter unstable MT and are more likely to merge
given their smaller orbital separations. This model is also
characterized by higher initial primary masses, lower initial
secondary masses, and BH mass ratios significantly different
from unity.

As a final model, we apply kick velocities to BHs at birth
using a Maxwellian prior with a dispersion velocity of
150 km s−1 (compared with our standard model with
σk= 10 km s−1); again, these kick velocities are not moderated
by supernova fallback. The increased kick velocity has the
effect of broadening the distribution of possible initial orbital
separations, as supernova kicks can either expand or shrink the
postsupernova orbits, depending on the supernova kick
direction (Kalogera 1996; Andrews & Zezas 2019). This
model also shows a slight difference in the branching ratios,
with nearly half of all binaries being formed through the CE
channel.

4. Discussion and Conclusions

We have shown how statistically rigorous constraints can be
constructed on individual gravitational-wave source progeni-
tors. This approach offers a significant improvement over
previous methods relying on some form of approximate
Bayesian computation, as it takes into account the measure-
ment uncertainties, including covariances between parameters.
Using this method, we calculate the branching ratios for
different evolutionary channels being responsible for the first
LVC detection, GW150914, as well as the statistical constraints
on the initial binary parameters responsible for formation
through each channel.

Under the assumption of formation through isolated binary
evolution, the branching ratios from our standard model
suggest that there is an ;77% chance GW150914 was formed
through a stable MT channel and a corresponding ;23%
chance that some form of a CE channel was involved. In the
stable MT channel, the progenitor to GW150914 started as a
low-metallicity (Z; 10−4) binary system with initial masses of
;96 and ;52Me in an orbit of ;100 Re. In the CE channel,
on the other hand, the binary was born with nearly equal-mass
stars (;87 and ;82Me) in a much wider orbit with a
separation of ;104 Re and low metallicity (bimodal distribu-
tion with peaks at Z; 10−3 and 10−4). These masses are
somewhat different from the example binary (96.2 and
60.2Me) proposed by Belczynski et al. (2016a) to explain
GW150914, although they are similar to the results from
Stevenson et al. (2017), who found a total ZAMS mass
160Me.

In all but one of our seven models, the stable MT channel for
the formation of GW150914 is preferred (in the αCE= 5
model, the two channels are nearly equal). The one exception,
our qcrit= 2 model (compared to our standard model, in which
qcrit= 3 for most donor stars), finds the reverse, a 98% chance
that GW150914 was formed through a CE. Although this is the
formation channel for GW150914 found as most probable by
Belczynski et al. (2016a) and Stevenson et al. (2017), van den
Heuvel et al. (2017) argued that the most important MT phase
—between a BH and a main-sequence donor—ought to be
stable in many cases; these authors suggest that a combination
of the high accretor mass and strongly radiative envelope
characterizing the donor stars implies that MT ought to be
stable up to a mass ratio of ;3.5, even higher than our default
model. A similar critical mass ratio is found by Misra et al.
(2020) for the production of ultraluminous X-ray binaries and
Gallegos-Garcia et al. (2021, in preparation) for the production
of BH–BH binaries using detailed binary evolution simula-
tions. We therefore conclude that GW150914ʼs progenitor
most probably avoided any CE phase.
Our method additionally allows for improved constraints on

the BH masses responsible for the formation of GW150814
under the assumption that our model is an accurate representa-
tion of binary evolution; while the LVC posterior samples
include an uninformative prior, our posterior samples account
for a physically motivated prior based on binary evolution
calculations. Our posterior constraints on the BH masses are
largely consistent with the LVC constraints, a result of
GW150914ʼs high signal-to-noise ratio, which implies that
the posterior constraints are dominated by the likelihood.
Nevertheless, we find slight differences, depending on the
formation channel responsible for GW150914; the CE channel
predicts BHs with mass ratios close to unity, while the stable
MT channel predicts that GW150914 was formed from the
merger of BHs with slightly different masses.
Our results here represent only a demonstration for a

prototypical gravitational-wave event. With the latest release of
the O3a data set (Abbott et al. 2020c), there are now more than
40 binary BH events, each of which can be analyzed using the
same procedure. We expect that lower signal-to-noise ratio
detections will have inferred parameters that are more sensitive
to the choice of prior and so may show the more significant
updates when analyzed with Dart_board. By analyzing the
entire population with Dart_board, we can begin to
reconstruct the distribution of ZAMS properties of BH–BH
progenitors and verify that these match expectations. We will
pursue these in a forthcoming study.
Our results rely upon modeling the evolution of binary stars,

which includes multiple uncertainties. We explored a range of
these, quantifying how sensitive our inferences were to these
assumptions. However, we can also calculate how well each of
the models is supported by the observations and hence infer the
most probable parameter values for uncertain properties like the
CE efficiency (Bavera et al. 2020; Wong et al. 2021; Zevin
et al. 2021) or the fraction of mass accepted by the accretor
(Bouffanais et al. 2020). This requires an evidence integral
calculation, which can be performed using a method similar to
how we calculate the branching ratios in Section 3.3. These
constraints will become more precise when combining multiple
observations together. The analysis could be further enhanced
by incorporating information on the BH spins, which have been
shown to be tracers of the formation history (Gerosa et al.
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2013; Rodriguez et al. 2016b; Bavera et al. 2020). For instance,
in gravitational-wave measurements, the spins are correlated
with the mass ratio (Poisson & Will 1995; Baird et al. 2013),
meaning that an astrophysical prior on the spins could impact
the inferred masses and other progenitor properties. Addition-
ally, the BH–BH merger rate, inferred by the LVC to be
23.9 Gpc yr8.6

14.9 3 1
-
+ - - (Abbott et al. 2020f), contains additional

information on the formation physics (Barrett et al. 2018). We
will investigate the potential for detailed Dart_board model
comparison in future work.

Our analysis currently assumes that any individual system
formed through isolated binary evolution, rather than a
dynamical, hierarchical triple, or more exotic formation
channel. We have also not systematically explored isolated
binary formation channels where two massive stars form
chemically homogeneously (de Mink & Mandel 2016; Eldridge
& Stanway 2016; Mandel & de Mink 2016; Riley et al. 2021).
These channels have also been shown to be able to explain the
formation of GW150914. Some form of hierarchical analysis
(Santoliquido et al. 2020; Wong et al. 2021; Zevin et al. 2021)
is required to determine the relative likelihoods between these
different broadly defined formation channels. The Dart_-
board framework could be expanded to work with simula-
tions of other channels to provide detailed inferences in these
cases.
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