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Abstract

In this paper, we investigate the effect of the mean curvature of the boundary 92 on the behavior
of the blow-up solutions to the p-Laplacian type quasilinear elliptic equation

div(|Vul’*Vu) = u™|Vu|, p>1,

where the @ € RY be a bounded smooth domain. Under appropriate conditions on p and m, we
find the estimates of the solution u interms of the distance from x to the boundary 9. To the
equation

div(|Vul’"*Vu) = u™|Vul?, p>1, 0<qg<1,

the results of the semilinear problem are extended to the quasilinear ones.
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1 Introduction

In this paper, we study the boundary blow-up problems

div(|VulP"*Vu) = u™|Vu| in Q, u— oo as = — 9%, (1.1)
and

div(|VulP?Vu) = u™|Vu|? in Q, u—oco as z — I, (1.2)
where Q is a bounded smooth domainin RN, N>2, p>1, m+1>p—1,and 0< ¢ < 1.

First we consider to prove the existence of a positive large solution. We first consider, for 0 < ¢ < 1,
the problem

Apu:um(E—HVu\Z)% in Q, u— oo as T — oo,

where Apu = div(|Vu[P"?Vu). The existence of a positive solution v = w. for this new problem is
proved in [1], [2], [3], [4]. Then, by theorem 4.2 of [4] a sequence u.,, with €; — 0, tends to a solution
u of problem (1.1).

We are interesting in the behavior of the solution u near the boundary 9f2. Problems of this kind
are discussed in many papers, see, for instance, [5], [6], [7], [8],[9] and the survey paper [10]. Some
papers found some estimates, such as [11], [12]. For the problem

Au=u" in Q, u— o0 as x — oo. (1.3)
C.Bandle in [8] has found the estimate
2
-1 e N-1)H(=
u(z) = | ——==b(x) :P+L——liﬁ+dwm, (1.4)
2(p+1) p+3

where 6(z) denotes the distance from x to the boundary 92, and H(Z) denotes the mean curvature
of 9N at the point T nearest to x.

In [11], the authors investigate the problem
Au=vP|Vul?! in Q, u— oo as z — oo. (1.5)

where Q is a bounded smooth domain in RN, N >2 p>0,0<¢< (p+3)/(p+2) and p+q > 1.
They find an estimate similar to (1.4).

More precisely, let A(p,R) € RY, N > 2, be the annulus with radius p and R centered at the
origin, u(z) be a radial solution to problem (1.5) in Q = A(p, R), and let v(r) = u(z) for r = |z|. If
p>0,0<¢g<(p+3)/(p+2) and p+ g > 1 they have

v(r) < ¢(R—r)[L+C(R—-7)], r € (r,R), (1.6)
v(r) > ¢(r—p)[L = C(r—p)], € (p,r2). (1.7)
where ¢ be the function defined by
_ 2 — q ﬁ p+ 1 ﬁ pq;il
o= (5it) T (5) T o

and 71 is a constant between ro and R, 72 is a constant between p and 7o.

Ifp>0, g=(p+3)/(p+2) they have
1

v(r)<¢(R—r)[1+C(R—r)lnR ], re€(r1,R), (1.9)
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o(r) > 9 = p)[1 = C(r = p) o ——1, r € (p,ra) (1.10)

p

Let © be a bounded domain with a smooth boundary 99, let p >0, 0 < ¢ < (p+ 3)/(p+2) and
p+ g > 1, they have

v(z) < u(z) < w(zx),
where ¢ be the function defined in (1.8), and

g —naw
w(z) = ¢(9) (1 + 2(p+3—q(p+2))

_ (2-¢g(N-1)H(x) -
o) =o0) <1+ +3-qp+2) > (1.12)

Motivated by the results of the above cited papers, we further study the estimates for boundary
blow-up solutions of problem (1.1)-(1.2), the partial results of the semilinear problem are extended
to the quasilinear ones. We can find the related part results for p = 2 in [1].

5+a5f’) : (1.11)

2 Estimates for Radial Solution

In this section, firstly, we study the problem (1.1), we present some lemmas that will be used in the
section.

Lemma 2.1. Let p > 0,m + 1 > p — 1. Consider the equation in (1.1) in dimension N = 1 and
Q= (0,00). If u = ¢(t) > 0 and ¢'(t) < 0 we have

" (=) =" (=0 (2.1)
where ¢(t) be defined by
1 G =07=T
p— mtL)—(Op—1 1-p
t (m+1)—(p-1) , 2.2
RSV 22
A solution of (2.1) such that ¢(t) — co as t — 0 is precisely the function defined in (2.2).

6(t) = (m +1) 70T

In what follows we denote by C' > 1 a constant which may change from term to term.

Lemma 2.2[14]. Let g(r) be a C'—function defined for Ry < r < R. If g(r) — oo as 7 — R}

R
and g/(r) g 07 then: lim M =0.
r%R;r 9(r)

Theorem 2.1. Let A(p,R) C RN, N > 2, be the annulus with radii p and R centered at the
origin. Let ¢ be the function defined in (2.2), let u(z) be a radial solution to problem (1.1) in
A(p,R) C RY, and let v(r) = u(x) for r = |z|. If p >0, m+1>p—1 we have

v(r) < ¢(R—r)[L+C(R—-7)], r € (r,R), (2.3)
v(r) > ¢(r —p)[L = C(r—p)], r € (pr2). (2.4)
Proof. If Q = A(p, R), problem 1.1 reads as

W P20 = o], v(p) = v(R) = oo. (2.5)

1p—2_ 1" N-1
(=

There is a point 79 € (p, R) such that v'(rg) = 0, v'(r) < 0 for 7 € (p,70) and v'(r) > 0 for

r € (ro, R). For r € (ro, R) we have

() + 5

WPt =™, V' (r0) =0, v(R) = oo. (2.6)
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Integration over (ro,r) yields

@y [ A eyt = [ o,
70 T0

S

T N\p—1 m+1 _  m+1
e I B e == R TR}

o o s m+1
_ T ’U/ p—1 vm+1 Um+1
(v")? 1—&-(N—l)/ ( )S ds = m—|—10 (2.7)
T0o
From (2.7) we find
(W' )Pt o
m+1’
m—+1
’ p—1
v
m+1
On the other hand, by lemma 2.2 we have
. (v )Pt _
Hm et =
0 s
and combining this with (2.7) implies for r € (r1, R)
m—+1
_ v
2(v")? 1
m+1
Hence by Eq.(2.7) we find
1 m+1 , m+41
o =1 <v <Cvr=1, re(r,R), (2.8)
From (2.8) we find
1 T+1 1 T+1
ovr < o < Cuvt-»
1 R , R ,
c vi-rvds < R—r <C v1-Py'ds,
1 mtl—(p—1) m41—(p—1)
5(0—1} 1-p )<R—7‘<C<O—v T=p ),
év%(;’ﬂ) < R—pr< Cv%(iin
Finally we get
1 ___1l-p _ 1-p
6(R — 'r) m+D)-(r-1) < p < C(R — r) (m+1)—(p—1) s (29)
and 1 m+1 , m41
E(R —7)e=D=-0n+]) <9’ < C(R —r)-1-(mf1), (2.10)
By using (2.10), we find
r (v)P—1 r CP~Y(R—s %
fm ( )s ds <[, (F=s) ds
< cr—1! f?“ (R— 5)4(;721)1_)((1:;&{) ds (2.11)

T0o
(m+2)(p—1)—(m+1)

<C(R—7r) ®-D-0m+1)

Inserting estimate (2.11) into (2.7) we get

m—+1 m+1 —1)—
— v — (m+2)(p—1)—(m+1)
WPt > O _C(R-7r) G-D-(m+D
m+1
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Np—1 (m+2)(p—1)—(m+1) pt1
WP Clm+ DR=) T 4o
pm+1 pm+1 .

(m+1)

From (2.9) we get

(GO
(m+1) poc >1-C(R—-r),
/

(m+1)7 ——r > 1—-C(R—r).

vr-l

Integration over (r, R) yields
p—1 (p=1)= (m+1)
b= P
-1 -(m+1"
(p—1)—(m+1)
p—1

(m+1)77 >R—r—C(R—r)°

(p=1)—(m+1)
p—1

v < (m+1)5T (R—r)[1 - C(R—1)],

p—1
p—1 [CETE )

(GRS (R—r) GF 1) [1—C(R—r)] D)

o(r) < (m+1)TFT oD

Since §
2
(1-C(R=r)t+D-t-D <1+ C(R-—71),

with a new constant C, we get

v(r) < ¢(r)[1+ C(R—r)],
where ¢ be the function defined by (2.2).

Let us prove inequality (2.4). For r € (p,70) we have v'(r) < 0, and
(o2 -

Integration over (r, 7o) yields

(=0 )P = =™, w(p) = oo, v'(ro) =0. (2.12)

r(_ ., \p—1 m+1 |70
(=o)L - (V- 1)/ E i 2 » w0 = v(ro),
0

T0 S m + 1 .
TO (_ /)p—l ,U'm+1 vm+1
0__/p—2/_N_1 (U ds = 0
(=v") v ( ) g s S m+ 1 )
To (_,,/\P—1 m+1 _  m+1
(=0 )Pt — (N — 1)/ (V)" g =V +”10 (2.13)
” s m
Arguing as in the precious case, now we find
1 m+1 m+1
° -1 < —' < Cvr=1, rE(pr),
SO
1 ___1-p _1-p
5(7" —p) T F-G-D < v < C(r— p)TFD-G-D (2.14)
d
an 1 m+1 , m+1
a(r — p) (P—D—-(m+1) < 9" < C(r — p) (p—1)—(m+1) | (215)
By using (2.15), we find
(—v)P—1 crP—1( )%
ro (—v 0 s—p —)—(m
— < ds
J: ° J: (m42)fp—1)—(m+1) (2.16)

< C(r — p) (p—1)—(m+1)
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Inserting estimate (2.16) into (2.13) we get

m+l _ gmtl (m+42)(p—1) —(m+1)
(P < T 4 O = )
m
(m+2)(p—1)—=(m+1)
(0P, Clmt 1) = p) T g
(m+1)—l <14 .
,Um+1 ,Um+1
From (2.14) we get
1 (=) 1+ C(r —
m+ )l <itee ),
=
(m+1)71 —0 <14 C(r —p).
p—1
Integration over (p, ) yields
e 1 (p—1)—(m+1)
(mann— LTl O o),

(m+1)—(p—1)

(m+ )7 e (= ) (14 O = )] <o

b
p—1
p—1 ) —(p—1)

1—p
- s - @ — (m+1)—(p—1)
CESIErESY (r=p)tr=

o) > (m+1)TFTD
[+ C(r — p)] T =G=D
Since

(14 C(r — p)) =G0 > 1 — C(r — p),

we get
v(r) > ¢(r)[1 = C(r - p)].
where ¢(r) be the function defined by (2.2).

The theorem is proved.

Now let us investigate the problem (1.2). If p > 1,0 < ¢ < 1, and m+¢q > p— 1, we can get sectional
similar arguments as follow.

Let p> 1,0 < ¢ <1, and m+ ¢ > p— 1. Consider the equation in (1.2) in dimension N = 1 and
Q= (0,00). If u=¢1(t) > 0 and ¢/ (t) < 0 we have

¢l (=) = o' (— o). (2.17)
Where ¢1 be defined by

pP—q
p—q (m+q)—0Op—1

q—p
LAFD=G=T) | 2.18
(m+q)—(p-1) (2.18)

o1(t) =(m+1) (m+q)1f(p71)

Theorem 2.2. Let A(p,R) C RN, N > 2, be the annulus with radii p and R centered at the
origin. Let ¢, be the function defined in (2.17), let u(z) be a radial solution to problem (1.2) in
A(p,R) C R and let v(r) = u(z) forr = |z|. f p>1, 0<g<1, and m+q>p—1 we have

v(r) <1 (R—7)[1+C(R—71)], 7€ (r1i,R). (2.19)
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Proof. If Q = A(p, R),problem (1.1a) reads as
/
(P 1o)) =N T L wl(p) = o(R) = ox, (2.20)

where ¢, (v') = |[v/[P72v". There is a point ro € (p, R) such that v'(ro) = 0, v'(r) > 0 for r € (ro, R).
For r € (ro, R) we have

/
(TN71|v/|p72'u/) =V (2.21)
Integration over (ro,r) yields

N Call

:/ sV1 v (")%ds, r € (ro, R),

0 ro

TN_1¢p(U/) :/ SN_l’Um(’U/)qu,
o

6 = gy [ ST as,
T ro
r_ -1 1 " N—1_m/ I\q
v _¢p N1 S v (’U) ds s
70

1
1 sp-1, s>0
S) =
¢P () { 7(78)pi17 S<0

where

We get

1

1 " N1 p=T
v = (erl/ s vm(v/)qu) .
)

/ sN_lvm(v/)qugRN_l/ o™ (v")ds.
o

To

Since r € (1o, R), we find

From Holder inequality we get

o )ds < () ((v%/)q»%ds)" r = ol

ro ot 2.29
- (f:o v )q|R*7"0|1 .. (222)
From (2.22) we get
1
N—-1 T q p—1
v’ < [% (/ 'U?v'ds) (R—ro)lfq} ,
T
RNfl(Riro)lfq ﬁ T q ﬁ
v'<[—N71 } {(/ quds)] ,
r ro
/ RN - 1(R m)l a mtq mtq] 52T
vos [ } () T ~ Y
m+ q f
<C {v T —vo } ,
we get
+
v < Cort <C’vm+1 (2.23)
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By using (2.23) we get

v < O(R — 1)@ D -tnFa (2.24)
and "
v/ < C(R—r)-D-0mta) (2.25)
While, the problem (1.2) reads as
(6p(v")) + $(0/)p71 — o™ ()" (2.26)

From (2.26) we find

()7 (¢p(v))" + (v)" T =™, (2.27)

integration for r we get

([T@/V‘Q(¢Av0Yds+l[:]V;'lu/V-Q=3[:vad&

o

T _ m+1 _  m+1
(U/)P*q +/ %(U/)P*qu = v UO / ¢p )/dS,
)
r "\p—q m+1
()P~ + (N — 1)/ W) g +”1° (2.28)

oS m

Since 0 < ¢ < 1, by (2.27)
T \P—q m —g)—(m.
/ & )fds <C(R- r)( Tj)—(lp)—q<)rr~(rq)+1).
T0 s
From (2.28) we get
m+1 _  m+1 m ( m
Wy > U o -y R
m
\p—q
/
(m+1)7 T — > 1-C(R—r).

v P—a

Integration for r we get
CEITE s b S = 7SS GRCTY JNC
(m+q)—(p-1) -
v < )T T [ B [T (e 1 o - )
Since
[1—C(R—r)]TF0-G-D <1+4C(R—r),

we get

o(r) < oa(r)[1+ C(r —7)],
where ¢ (r) be the function defined by (2.18).

The theorem is proved.
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3 Estimates for Boundary Blowup Solution

In this section we study the estimate for boundary blowup solution of problem (1.1) and (1.2).

Lemma 3.1. Let @ € RY, N > 2, be a bounded domain satisfying an interior and an exterior
sphere condition at each point of its boundary 99Q. Let ¢be the function introduced in (2.2), let
u(z) be a solution to problem (1.1) in Q, and let 6 = §(x) be the distance from z to 9Q. If p > 1,
and m + 1 > p — 1 we have

$(8)(1 — C3) < u(z) < $(6)(1 + C3). (3.1)

Proof. The proof uses theorem 2.1 and the comparison principle for elliptic equation(see for
example [15, Theorem10.1]).

Theorem 3.1. Let Q be a bounded domain with a smooth boundary 02, let ¢ be the function
introduced in (2.2), and let § = §(z) be the distance from z to Q. Let p > 1, and m+1>p— 1.
v (b~ DN~ DH (@)
p— - x
o) =00 (14 5 B T )
where H(z) denotes the mean curvature of the surface (6(x) = constant) at the point z. If u is a
solution to problem (1.1), o > 1 is a suitable number and « is large enough then

u(z) < w(x).

5+ aé") , (3.2)

Furthermore, if
(p— 1N - 1)H(x)
(m+2)(p—1)—(m+1

v(x) = ¢(6) (1 + 5 50 - aé") , (3.3)

then
v(z) < u(x).
Proof. From (2.2) we find

o) _ (mi)-(p-1),

—¢'(1) p—1

—'@®) _(m+)-(p-1),

a0 m+ 1 ’

() _[(m+1)—(p— 1)]2t2. (3.4)

¢"(t) —  (p—1D(m+1)
Let K = (N —1)H and

p-1HK
A= ST =) - (1) (3:5)
Then
w = ¢(6)(1+ A + ad?). (3.6)
‘We have
Vuw = ¢'Vw(l + As + ad”) + ¢(VAS + AV + aod” V). (3.7)

Since (see for example [10])
IVé| =1, Ad=—(N—1)H = —K,
we find

Aw = (¢"VEVE+ ¢'Ad)(1 + Ad + ad?) + ¢'VS(VAS + AVS + acd® V)
+¢'V(VAS + AVS + acd’ 1V§)
+¢ (AAS + VAVS + VAVS + aAs + ac(o — 1)5° >V + acd” ' AS)
= (¢ — ¢ K)(1 + AS + ad) + 2¢'(VAVES + A + aod” )
+¢ (AAS +2VAVS — AK + ao(oc —1)6° > — acé” 'K) .
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By using (3.4) we find

Aw = ¢ [(1 + %M{) (1+ A5+ ad”) — 20 D=0=D §(TAVS5 + A + acd” )

m+1)—(p—1)]? o— o
e Ul 57 (AAS 4 2VAVS — AK + ao(o — 1)87 2 — aod K)] :

we get
Aw = ¢ [14 A6 + DD - 24) + O(1)6?

m —(p— m —(p—1)]?
+ad” (1 — 20 (MDD oy )LD 0(1)5)] ,

(3.8)

where O(1) denotes a bounded quantity as § — 0.

Now we estimate |Vw|.
Vw = ¢'Vw(l+ AS+ ad®) + ¢(VAS + AVS + acs® V)
= ¢/ [V8(1 + AS + ad”) — (== 57 45 4 AVS + aa(sffflva)]
2(p—1)—(m+1 o m+1)—(p—1 m+1)—(p—1
=¢ V(S(H—A%zﬂ-aé (1- -G >a))—( -l >VA52].

p—1

Fix o« and o, we take § so small that

14 a2e= D=t s (o MAED ==l )5
p—1 p—1
Then, we have
V| = (—¢') {1 44— 1; = im U5+ a0m(1— %0) + 0(1)52} C(39)

and

-2
Vwl2 = (=g [1 4 AZe=b=(mi g g7 (1 — == gy 4 0(1)9%)"
= (—¢/)" 21+ AZe=l=tmtl 5 4 g50(1 — (== )
+0(1)8% + O(1)(d7)?],

By using (3.8) we get

IVw[P~2Aw = (—¢')P~2¢" [1 + A§ 4 -l 5K o)
+A(p - 2) 2= 5 4 0(1)6°)

i - aa e e (3.10)
+(=¢/)" 72" (a07) [1 - 20 DN 1 o — 1) LTl
+(p—2)(1 = PN 0) 4 0(1)6% + O(1)(a07)?]
Let us estimate w™. We have
w™ = ¢™(1+ Ad + ad”)™
(3.11)

m o m42 (As+as?)?
=¢ (1+mA5+ma5 +m(m+ 1)1+ w)™* %) ,
Where w is a quantity in between 0 and Aéd + «d’. From now on, we choose o, o and p such that
—% < AS+ ad’ < 1.

Then%<1—|—w<2,and

w™ =¢™ (1 +mAS§ + mad” + 0(1)8* + O(l)(a5°)2) .

10
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Since ¢ (—¢')P72 = ¢™(—¢'), by (3.9) and (3.11) we find

w"|Vw| = ¢ (—¢")P 2 [1 + A gm + 72@71;:“”“)) 0+ ad? (m +1-— 7(7”“;:1@71)0)

] (3.12)
+0(1)8 + O(1)(ad7)?]
Using (3.10) and (3.12), the inequality
div (|[Vw[P*Vw) < w™|Vuw|
reads as
(=) 72" [14 A6 + EDZLDG(K — 24) + A(p — 2) 20=0=("0 6 4 0(1)6%]
- o m —(p— m —(p—1)]?
+(—¢)P%¢" (ad”) (1 — 20 D) | (5 - )l
+(p—2)(1 = PN 0) 4 0(1)6 + O(1)(ad7)?) (3.13)

<¢"(=¢') 2 [14 A (4 2e=0=0m0 Y 54 g7 (41— =m0
+0(1)6* + O(1)(ab%)?] .
We claim that

(m+1)~ (p—1)
Av T

(s 2200,

2(p—1)—(m+1)
p—1

(K—2A)+A(p—2)

Indeed, we have

m+1)—(p—1 m+1 —2 —2)[2(p—1)—(m+1
()= (f¢ _94) = ALTEDE=D) _ 4 (=22 )=(mt 1)

=247 ((m+1) - (p-1)),

then we get
(m+1)(p—2)

K —-2A=2A
p—1

I

and
(m+2)(p—1)—(m+1)

p—1
The latter equation follows easily from (3.5). Hence, inequality (3.13) holds provided

K =2A

— — - — 2 — —
C16% + ad® (1 e I N () (1 - %0))

< ad? (m+ 1- ), 025+03a50) :
where C1, C2 and Cs are suitable constant. After simplification we find

C162 < ad” (m+1) — (p—1)) (1 - Z%‘;’U + mi_s_la (3.14)

—o(o = ) PR — Cad + Caad”).

The quanti
ety (1) (p—1)
(p—1D(m+1) "’

1-P=3,
p—1

erlU—O'(U—l)

computed at ¢ = 1 becomes
(m+1)+ (-1
(m+ D(p—1)

11
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Which is positive. By continuity, we have

p=3_ (m+1)-(p-1)
p—1

b - 1)m+1)

+ oo —1) >0,

m+1 7=
with a suitable o > 1. Fixed such a value of o, choose a and ¢ so that

(m+1)—(p-1)
(p—1(m+1)

—3
P26+

1—;0 m+1070(071) — C26 + C3a6° > 0.

The inequality (3.13) (and the inequality div (|Vw[’~*Vw) < w™|Vw|) holds for « large enough
and x such that §(z) < o, with a suitable do.

Consider the domain Q5, = {z € Q, §(z) < do}. Let us show that, for §; small enough, u(z) < w(z)
on 5,. Indeed, by lemma 3.1, we know that

w(z) < $(8)(1 + C3).

Hence,

w(z) —u(z) > ¢(8)(1 + Ad + ad”) — ¢(5)(1 + C9)
=05

¢
P(0) (A-C)o+ ad?).

Let v and dp such the inequality (3.13) holds for § < dp. Decrease d(increasing « so that a167 =
@0dg) until
(A= C)o1 + aué] > 0.

Then w(z) > u(x) for é(x) = d;.

Now we introduce a number 0 < 6 < 1, of course, we have w(z) > 6u(z) for z such that 6(z) = 4.
On the other hand, using lemma 3.1 again we have

w(x) — Qu(z) > Pp(8) (1 — 0+ (A —CO)5 + ad”).
As 6 — 0 (with « fixed) we have
1-0+(A—-C0)§+ ad” >0.
Hence, w(z) — Ou(z) > 0 near 99Q.
Since 0 < < Land m+1— (p—1) > 0, by (1.1) we find
div (|V(0w) P2V (0u)) > (6u)™ |V (0u)] (3.15)

Indeed, since
Ap(u) = u™|Vul,

we find
Ay (Ou) = 0P A,
and
(0u)™ |V (0u)| = 6™ u™| V),
then we get
Ap(0u)/(0u)™ |V (0u)| = 67—~ > 1,

The (3.15), together with the inequality div (|Vw[’~*Vw) < w™|Vw|, and the condition fu(z) <
w(z) on 8, , imply that fu(z) < w(z) on Qs,. As § — 1, we find u(z) < w(z) on Qs, . Increasing
a we get u(z) < w(z) on Q. The first assertion of the theorem follows.

12
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To get the inequality v(z) < u(z). We adopt a similar argument. to place of (3.10) we find, with
v=0(0)(1+ Ad — ad?), where A is as in (3.5),

Vo2 Av = (=¢/)P2¢"[1 + A5 + =D 5(K — 24) + A(p — 2)2e==tmtl 5

m —(p— m —(p—1)12
+0(1)8%] = (—¢")" 20" (ad7) (1 — 20 22D 4 (g — 1)l (3.16)

+(p—2)(1 — =N 5) 4 0(1)5% + O(1)(ad”)?).
In place of (3.12), we have

™| V| = ¢//(_¢/)p—2 [1+A (m_|_ w> 5 — s’ (m+ 1 MO)

1 (3.17)
+0(1)6* + O(1)(a67)?] .
Using (3.16) and (3.17), the inequality
div (|[Vo|"?Vv) > o™ |Vo| (3.18)
reads as
(=) 2" [1 4 A6 + EDZL=NG(K - 24) + A(p - 2)2=0=(" 6 4 0(1)6]
m —(p— m —(p—=1)12
_(_¢/)p—2¢//(a(so) (1 _ 20% +o(o— 1)%
+Hp—2)(1 — == ) 4 0(1)8% + O(l)(a6°)2) (3.19)
> ¢ (—¢)P2 [1 +A (m + W) 5 — as® (er 1— %J)
+0(1)6% + O(1)(ad”)?] .
After simplification we find
m —(p— m —(p—1)]? m —(p—
—C" — ad” (120 = + ol - DIGETESE + (-2 - =o)L

> —ad’ (m +1— %a + Cod — Cgadg) ,

which is equivalent to (3.14). Hence, we have div (|Vo[?~*Vv) > v™|Vu| for large enough and z
such that §(x) < do, u(z) > v(z) on Qs,. Indeed, by lemma 3.1 we know that

u(z) > ¢(6)(1 — C9).
Hence,
v(z) —u(z) < ¢(6)((A+ C)6 — ad?).

Let ap and &g such that inequality (3.20) holds for 6 < Jo. Decrease § (increasing « so that
a10{ = apd§) until
(A+C)o1 — and] < 0.

Then u(z) > v(z) for 6(x) = 4.

Now, for © > 1 we have v(z) < Ou(x) for = such that §(z) > §1. On the other hand, by lemma
2.2 it follows that v(z) < ©u(x) for x near 9Q. We have proved that proved that v(z) < ©u(z) on
00s,. Since ® >1and m+1—(p—1) >0, by (1.1a) we find

Ap(Ou) < (Ou)™|V(Ou)|.

The latter inequality, together with the inequality (3.18) and the condition v(z) < Qu(x) on 9Qs,,
imply that v(z) < Qu(z) on Qs5,. As © — 1 we find v(z) < u(x) on Qs,. Increasing o we get
v(z) < u(z) on Q.

The theorem is proved.

13
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Now, when p > 0< ¢ < 1, and m+q > p— 1, we get partial argument similar to Theorem 3.1.

Lemma 3.2. Similar to lemma 3.1, ¢1 be the function introduced in (2.18), let u(x) be a solution
to problem (1.1a) in Q. If p> 0<¢g<1,and m+q>p— 1, we have
u(z) < B(6)(1 + C9).

Theorem 3.2. Let €2 be a bounded domain with a smooth boundary 02, let ¢ be the function
introduced in (2.18), and let § = §(z) be the distance from z to 9Q. Let p > 1, 0 < g < 1, and
m+ 1> p— 1. Define

(p—q)(N —1)H(z)
w(z) = ¢(d (1 +
D= S+ 20— )~ (m+ 1)
where H(z) denotes the mean curvature of the surface (§(z) = constant) at the point z. If u is a
solution to problem (1.2), o > 1 is a suitable number and « is large enough then

u(z) < w(x).

5—}-(15”) ,

Proof. From (2.18) we find

o) (m+q)*(p71)t

—¢'(t) pP—q '
') _(m+g (-1,
@' (t) m+1 ’
o) _[(m+q)— (-1 »
0" oot (321
Let K = (N —1)H and
A= (r=a)K (3.22)

2((m+2)(p—q) — (m+1))’
then
w = ¢(8)(1+ Ad + ).

In place of (3.8) we have
Aw = ¢ [14 A6 + CFOZE=NG(K — 24) + O(1)6?

. o I (3.23)
+ad” (1= 20 MEDE=D o (o — 1)t 4 0(1)6)] .
Then we get the estimate for [Vw|,
[Vw| = (—¢)[1 + A@=te-D=(nta) 54 457 (1 - 7”*‘2:5"*%) +0(1)82). (3.24)
In place of (3.10) we get
- _ —2 1 (m+q)—(p—1)
Vw2 Aw = (=¢/)7~29" [1 4+ A6 + D=V 5(K — 24)
+A(p—2) (p*q)Jr(;;:ll)*(erq) 5+ 0(1)52] (5.25)
— o m —(p— m —(p—1)]? :
+(=')" 2" (a8%) [1 = 20 MDD 4 (g — 1)t ol
+(p—2)(1 = PN ) 4 0(1)6% + O(1)(a07)?] .
Let us estimate |Vwl|?. By using (3.9) we get
q
[Vw|? = (—¢')? [1 + Aw(g + ad® (1 _ %U) + 0(1)52}
= (—¢")[qA (pfq)Jr(z;ilq)f(meQ)(g + qad® (1 _ (m+¢;):l§p*1)a) +0(1)6%+ (3.26)

O(1)(a6%)?].

14
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By using (3.11) and (3.26) we have

pP—q

wm|Vw\q — ¢m(—¢,)q [1 + A (m+q(p—q)+(p—l)—(M+q))
+ad® (m tq-— q%a) +0(1)8% + O(l)(a5°)2] .

(3.27)
By (3.25) and (3.27), the inequality
div(|[Vw["*Vw) < w”|Vw|?
reads as
(=¢/)7 20" [1+ A5 + UEOZE=U (K — 24) 4 A(p — 2) L=HEED=0n20) 5 4 O(1)52]
F(—¢)P2¢" (ad) (1 — 20D 0=D) 4 55 — 1) [(mtq)—(p—1)]?

(p—a)(m+1)
+(p = 2)(1 — =D ) 1 0(1)8% + O(1)(067)? ) (3.28)

- (P—a)+(pP—1)—(m+q)
<¢//(_¢/)p 2[1+A(m+qpq 1;71 q)(s
+ad? (m tq-— q%a) +O(1)6? + 0(1)(a50)2] .
We claim that
A+ (m+<71r)11(1p71>(K _ 2A) + A(p _ 2) (pfq)+(z;:_1q)*(m+q) — A (m + q(pfq)+(z;:11)*(m+q)) )

Indeed, we have

m+a)=P=1) g o4y 2p=g=Dim+e=-(p-1)

)

m+1 p—q
P—q ’
K —omt2(p—q) —(m+1)

pP—q

The latter equation follows easily from (3.22). Hence, (3.28) holds provided

2 o m+q)—(p—1 m+q)—(p—1)]2 m+q)—(p—1
C182 + ad (1—2a( D=l 4 oo — 1)t () ) (1—7< ) >a))

< ad’ (m +q—qmto=C=b,_ 54 03045") ,

pP—q

where C1, C2, and C5 are suitable constants. After simplification we find

C16? < ad” (m+q) — (p— 1)) (1 =2l (3.29)

i = ol = )R — O+ Co).

Which is equivalent to (3.14). Hence, we have
div(|[Vw[’*Vw) < w”|Vw|?

for a large enough and x such that §(z) < do, with a suitable do. Arguing as in the proof of the
previous theorem one prove that w(z) > u(x) in Q.
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4 Conclusion

We introduce the concept of the boundary blowup solutions of p-Laplacian type quasilinear elliptic
equations. We obtain that the estimate of the radial solution in the annulus, and that the estimate
of the boundary blowup solution on a bounded domain.
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