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1. Introduction

n 1993, Czerwik [2] introduced the concept of b-metric spaces and proved the Banach contraction

mapping principle in the setting of b-metric spaces. Afterwards, several research papers [3-8] were
published on the existence of fixed point results for single-valued and multi-valued mappings in the setting of
b-metric spaces. In 1997, Alber et al. [9] generalized Banach’s contraction principle by introducing the concept
of weakly contractive mappings and proved the existence of fixed points for weakly contractive and single
valued mappings on Hilbert spaces.

Rhoades [10] proved that every weakly contractive mapping has a unique fixed point in complete metric
spaces. Then, many authors obtained generalizations and extensions of the weakly contractive mappings.

In particular, Choudhury et al. [11] generalized fixed point results for weakly contractive mappings
by using altering distance functions. Very recently, Cho [1] introduced the notion of generalized weakly
contractive mappings in metric spaces and proved a fixed point theorem for generalized weakly contractive
mappings defined on complete metric spaces.

Inspired and motivated by the results of Cho [1] the purpose of this paper is to establish a fixed point
result for generalized weakly contractive mappings in the setting of b-metric spaces.

2. Preliminaries

In this section, we give basic definitions of concepts concerning a generalized weakly contractive
mappings in the setting of b-metric spaces.

Definition 1. [2] Let X be a nonempty set and s > 1 be a given real number. A functiond : X x X — Rt isa
b-metric if and only if for all x,y, z € X, the following conditions are satisfied:

(@) d(x,y) =0if and only if x = y;
(b) d(x,y) = d(y, x);
© d(x,z) < sld(x,y) +d(y, )]
The pair (X, d) is called a b-metric space.

It should be noted that the class of b-metric spaces is effectively larger than that of metric spaces, since
b-metric is metric when s = 1. But, in general, the converse is not true.
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Example 1. [12] Let X = Rand d : X x X — R* be given by d(x,y) = (x —y)? for all x,y € X, then d
is a b-metric on X with s = 2 but it is not a metric on X, because for x = 2,y = 4 and z = 6, we have
d(2,6) £ 2[d(2,4) + d(4,6)], hence the triangle inequality for a metric does not hold.

Definition 2. A function f: X — R, where X is b-metric space is called lower semicontinuous if for all x € X
and x, € X with lim,, ,. x;, = x, we have

f(x) < liminf f(xy).

n—o00

Definition 3. [6] Let X be a b-metric space and {x, } be a sequence in X, we say that

(@) xy is b-converges to x € X if d(x,,x) — 0asn — oo.
(b) x, is a b-Cauchy sequence if d(xy,, x,) — 0 as n,m — oo.
(o) (X,d) is b-complete if every b-Cauchy sequence in X is b-convergent.

Definition 4. [1] Let X be a complete metric space with metric d, and T: X — X. Also let ¢: X — R" be a
lower semicontinuous function, then T is called a generalized weakly contractive mapping if it satisfies the
following condition:

$(d(Tx, Ty) + ¢(Tx) + ¢(Ty)) < (m(x,y,d, T, 9)) — ¢(l(x,y,d,T, 9))

where,

m(x,y,d, T,9) = max{d(x,y) +¢(x) + ¢(y),d(x, Tx) + ¢(x) + ¢(Tx),d(y, Ty) + ¢(y) + ¢(Ty),
3 103, TY) + p(x) + (1) + 4y, ) + ) + ()]

and I(x,y,d, T, ¢) = max{d(x,y) + ¢(x) + ¢(v),d(y, Ty) + ¢(y) + ¢(Ty)}, forall x,y € X, where p: Rt — R*
is a continuous with ¢(t) = 0 if and only if t = 0 and ¢: Rt — RT is a lower semicontinuous function with
¢(t) = 0if and only if t = 0.

Theorem 1. [1] Let X be complete. If T is a generalized weakly contractive mapping, then there exists a unique z € X
such that z = Tz and ¢(z) = 0.

Lemma 1. [12] Suppose (X, d) is a b-metric space and {x, } be a sequence in X such that

I}igrgod(xn,xn+1) — 0.

If {xn} is not a b-Cauchy sequence, then there exists € > 0 and two sequences of positive integers {m(k)} and {n(k)}
with n(k) > m(k) > k such that for all positive intiger k, d(x,,x), Xy (k) = €, d(Xp(k), Xu(k—1)) < € and

@) € < limyyoo infd(X, 1), Xnk)) < HiMn—soo SUPA (X (1), X)) < SE.
(b) € < limy 0 i fd (X, (1), X)) < liMys0 SUPA (X (1 11), X (i) < S2€.
© & <limyseo infd(Xp(ir1), Xn(h)) < iMoo SUpd(Xy(e), Xu(k1)) < 5%€

€ . . .
@ o < LMo i fd(Xpn(kr1), Xn(hrn)) < Unseo SUPA (Xy(k 1), Xn(k11)) < s’e

holds.

3. Results and discussion

In this section, we introduce a generalized weakly contractive mappings in the setting of b-metric spaces
and prove a fixed point result.

Definition 5. Let X be a b-metric space with metric d and parameters > 1, T: X — X, and let ¢ : X — R*
be a lower semicontinuous function, then T is called a generalized weakly contractive mapping if satisfies the
following condition:

P(S3d(Tx, Ty) + (Tx) + ¢(Ty)) < Y(m(x,y,4,T,9)) — ¢(I(x,y,4,T, ¢)) ¢))
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forall x,y € X, where,

m(x,y,d,T,¢) = max{d(x,y)+ ¢(x)+ ¢(y),d(x, Tx) + ¢(x) + ¢(Tx),d(y, Ty) + ¢(y) + ¢(Ty),
g2z {08, TY) + (x) + 9(Ty) + (3, ) + o) + (T)} @

and
I(x,y,d, T, @) =max{d(x,y) + ¢(x) + ¢(y),d(y, Ty) + ¢(y) + ¢(Ty)}. 3)

for all x,y € X, where : Rt — R™ is a continuous with i(t) = 0 if and only if t = 0 and ¢: R — Rt isa
lower semicontinuous function with ¢(t) = 0 if and only if t = 0.

Theorem 2. Let X be a complete b-metric space with metric d and s > 1. If T is a generalized weakly contractive
mapping then T has a unique fixed point u € X such that u = Tu and ¢(u) = 0.

Proof. Let xp € X be fixed and define a sequence {x,} by x; = Txg, x2 = Txq,..., Xy41= Tx, for all n =
0,1,2,....If x, = x,41 for some n, x, = x,11 = Txy, X, is fixed point of T.

Assume x,, # x,41 foralln =0,1,2,.... From (2) by using x = x,,_1 and y = x,,, we have
m(xnflz Xn,d, T, (P) = max{d(xnflz xn) + (P(xnfl) + (P(xﬂ)/ d(xnflz Txnfl) + (P(xnfl) + (P(Txnfl)r d(xn/ Txﬂ) +
9(n) + 9(Txn), g {d (X, Txn) + 9(xa1) + @(Txa) + d(n, Txact) + @(xn) + ¢(Tx,o1)}}
max{d(x,—1,%x) + @(xu-1) + @(tn), d(xu-1,%2) + @(xn-1) + @(xn)d(xn,xn11) + @(xa) +
9(tni1), 2 {d(%nm1, Xus1) + @(xn-1) + (1) +dn, xu) + @(xn) + ()} -

Since
(X, 3ns1) + @(n1) + @) +dn, %) + () + ()} < s {5 (a1, %) + 9(a1) + 9 () +
sd (%, Xny1) + @(xn) + @(xn11)} < 5z {ld (1, x0) + @(xn-1) + @(xn) +d (%, Xp1) + @(xn) + @(x011)]} =
%{d(xn—l/xn) + qo(xn—l) + q)(xn) + d(xn/xn—H) + q’(xn) + q)(xn-i-l)} < %{d(xn—l/xn) + (P(xn—l) + Qo(xH) =+
A, Xn41) + 9(n) + @(a11)} < max{d (X1, %0) + 9(a-1) + 9(¥a),d(kn, Xus1) + P(xa) + P(Xs1) -

So, we obtain

m(xy—1,%n,d, T, ) = max{d(xy—1,%n) + @(xn—1) + @(xn), d(xn, Xn11) + @(xn) + @(xn11) }. (4)
Similarly from (3)

1(xn—1,%n,d, T, ) = max{d(xy_1,%n) + @(xn_1) + @(xn), d(2n, Xu11) + (xn) + @(xn41) }- (5)
Then (1) becomes

Y(s%d (o, X 1) + @) + @(xns1) < P(n(xp-1,%0,d, T, 9)) = ¢((xn-1,%n,d, T, 9))- (6)

Now, if d(x,—1,xn) + @(xp—1) + @(xn) < d(xn, xp1+1) + ¢(xn) + ¢(x,+1), for some positive integer n then
(6) becomes
Y(s°d(xn, Xni1) + @(xn) + @(Xn41) < P(A(xn, X01) + @(xn) + @(Xn41)) = P(d(xn, Xp1) + @(xn) + @(xn11))-
1t follows §(d(n, Xui1) + @(xn) + 9(xni1) < P(d(xn,2r41) + @(n) + P(as1) < $(d(xn,as1) +
¢(xn) + ¢(xnt1)) — ¢(d(xn, xns1) + @(xn) + @(xn41))P(d(xn, Xn11) + ¢(xn) + @(xn11)), which is a
contradiction. Thus,

d(xn1,%n) + @(xn-1) + @(xn) > d(xn, Xn11) + ¢ (xn) + @(Xn11)- )
From (4), (5) and (7), we obtain
m(xy—1,%0,d,T,9) =1(xy_1,%0,d, T, @) =d(x,_1,%n) + ¢(x,_1) + @(xn), 8)
So (6) becomes:

(% (xn, Xp1) + @(xn) + @(6041) < P(m(xy—1, %0, d, T, 9)) = ¢(1(x4-1,%n,d, T, ¢)). ©)
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From (7), the sequence (d(x;,Xn11) 4+ @(xn) + ¢(x,41)) is decreasing and bounded below. Hence
d(xp, Xp41) + @(x0) + @(x41) — rasn — oo for some r > 0. Assume r > 0 and letting n — oo in (9)
and using the continuity of ¢ and the lower semicontinuity of ¢, we have

P <P = lim infe(dCo 1, %) + @(6-1) + ()
< () - lim (a1, %) + pln 1) + @)

= ()=o)
It follows that ¢(r) < ¢(s%) < ¢(r) — ¢(r) < ¢(r), which is a contradiction, hence we have r = 0 and
consequently, limy, 0 [d(Xy, Xy1+1) + @(xn) + ¢(x41)] = 0. Implies
nlgl;‘od(xn/ Xpt1) = 0. (10)
lim ¢(x,) = lim ¢(xy11) = 0. (11)

Now, we prove that the sequence {x,} is a b-Cauchy sequence. If {x,} is not a b-Cauchy sequence, then
by Lemma 1 there exists ¢ > 0 and sequences of positive integers m(k) and n(k) such that for all positive
integer k, n(k) > m(k) >k, d(X(x), Xp(x)) = € and d (X, (x), X (k1)) < € and conditions from (a)-(d) of 1 hold.

From (2) and by setting x = x,,;) and y = x,,(x) we have:

M (X (k) Xn(ry 4, T, (P) = max{(d(xpw) Xnx) + P(Xmm)) T PXnw)) A Xmwy, TXmry) + @(Xmr)) +
+ o(Txyry) +

(Txyyx ) Ay, Txay) + @(xaw) + @(Txup), zz{d(x ® Txuw) + ()

A(%Xp () Txm(k)) + @(xuw) + (Txpp)}} = max{d( )Xy k) (X)) + @(Xn)), A Xy, Xy +1) +
p(x m(k) P (Xn()+1), A (X (k) Xn()+1) + @ (X)) + (% ) %{ (Xm(k)r Xn()+1) + @ (Xmp)) + @ (Xney 1) +
d(x, k)+1) T (X)) + @(Xm()+1) -

Takmg the limit as k — oo and using (10), (11) and Lemma 1, we have

B (1), X ), T, @) = max B {d (2 6), X)) + @ (Xe)) + ¢ (X))o d Xy Xm(i 1) + @ rme))
+@(Xm(k)+1), A Xn (k) Xn()+1) + @ (Xn(i)) + @ (Xne) 1), ;?{d(xm(k)/xn(km) + @(Xmr)) + @(Xnx)+1)
A0y T 1) + PCe)) + @ (e 0)}) < max{se, 0,0, 515 (e + %€} = se. 12)

Similarly from (3), we have
X m(k), Xn(ky 4, T, @) = max{d(x, ®) + (X)) + 9(Xnk)), Xy, Txnk) + @ (X)) + @(Tx0)) =
max{d(Xy, k), Xn(x)) + ¢ (Xm(r)) + ( n(k)) d( n(k)r Xn(k)+1) T (X)) + @ (Xny 1)}

U 1060, Xy, 4, T @) = H max{d (e, Xu(iy) + @ mie)) + ¢y ) Ay Xn ey 41) + ¢ (X))
+@(xy(0)+1)} < max{se, 0} = se. (13)

Now from (1), we have
¥(*d(Tx, Ty) + ¢(Tx) + ¢(Ty)) = YA X1 Xnm 1) T PEmma1) + @Xae1)) <

P ( Xy, Xniy 4, T, 9)) — U (Xnr), Xn(iy 4, T, @))-
Letting k — oo, using (11), (12), (13), applying the continuity of ¢ and lower semicontinuity of ¢, we have,

Hm (5% (X (k) 41, Xy 41)) < P(s€) — p(se).

k—o0

This implies that

Pplse) = (s> 5) <9 B d(x0)11, Xn (k) 41)) < Plse) = P(se) < ¢(se),
which is a contradiction. Therefore {x,} is a b-Cauchy sequence. Now since {x,} is a b-Cauchy and X is
b-complete we have,

Iim x, =u € X.
n—o0
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Since ¢ is lower semicontinuous,
¢(u) < lim info(x,) < lim @(xn) =0,

which implies

¢(u) =0. (14)

Now from (2) by putting x = x, and y = u, we have
m(xn,u,d,T,9) = max{d(xa,u) + p(xa) + p(u),d(xe Txa) + @(x) + @(Txa),d(u,Tu) + pu) +
@(Tu), 52{d(xn, Tu) + @(xn) + @(Tu) + d(u,Txa) + ¢(u) + ¢(Txa)}} = max{d(xs,u) + ¢(xa) +

(
(u), d(xn, Xns1) + @(xn) + @(xni1), d(u, Tu) + @(u) + @(Tu), 55{d(xn, Tu) + @(xn) + ¢(Tu) + d(, x441) +
9

)+ @(xn41)}}-
Applying the limit as n — co and using (10), (11) and(14) we have

nlgx;lom(xn,u a,T,¢) =d(u,Tu) + ¢(Tu). (15)
Similarly
J%l(xn,u, d,T,¢) =d(u, Tu) + ¢(Tu). (16)
Then using (1), we have
P(°d(Totn, Tu) + @(Tan) + 9(Tu)) = p(°d(xns1, T) + @(x41) + @(Tu))

< p(m(xn,u,d,T,¢)) = ¢l (xn,u,d,T,¢)).

Letting n — oo, using (14),(15), (16) and by using the continuity of ¢ and lower semicontinuity of ¢, we
have

P’ d(xs1, Tu) + (1) + @(Tu)) = (s°d(u, Tu) + ¢(Tu))
Y(m(xn,u,d, T, 9)) = ¢(I(xn,u,d, T, 9))
Y(d(u, Tu) + ¢(Tu)) — p(d(u, Tu) + ¢(Tu)).

IN

This implies

(s°d(u, Tu) + ¢(Tu))

$(d(u, Tu) + ¢(Tu)) <
< @(d(u, Tu) + ¢(Tu)) — ¢(d(u, Tu) + ¢(Tu)).

This holds if and only if, ¢(d(u, Tu) + ¢(Tu)) = 0 and then from the property of ¢ we have,
d(u, Tu) + ¢(Tu) = 0.

Hence, d(u, Tu) = 0 so that u = Tu and ¢(Tu) = 0. Since u = Tu this implies ¢(u) = 0.
Therefore u is fixed point of T.
Uniqueness

Suppose v is another fixed point of T. Then Tv = v and ¢(v) = 0.
By (1) withx =uandy =v

¥(s%d(Tu, To) + ¢(Tu) + ¢(Tv)) = ¥(s°d(u,v)) < ¢(m(Tu, Tv,d, T, 9)) — ¢(I(Tu, To,d, T, )).

From (2) we have
m(Tu, To,d, T, p) = max{(d(Tu, To) + ¢(Tu) + ¢(Tv),d(Tu, T?u) + ¢(Tu) + ¢(T?u),d(Tv, T>v) + ¢(Tv) +
¢(T?0), 57 {d(Tu, T*0) + ¢(Tu) + ¢(T?v) + d(Tv, T?u) + ¢(Tv) + @(Tu)}} = max{(d(w,0) + ¢(u) +
(), d(u,u) + ¢(u) + ¢(u),d(v,0) + ¢(v) + ¢(v), 52 {d(1,0) + (1) + ¢(v) + d(v,u) + ¢(v) + ¢(u)}} =
d(u,v).

Similarly from (3), we have
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I(Tu, Tv,d, T,¢) = max{d(Tu, Tv) + ¢(Tu) + ¢(Tv),d(To, T?v) + ¢(Tv) + ¢(T?v)
= d(u,0) + ¢(u) + ¢(v),d(v,0) + ¢(0) + ¢(v)} = d(u,0).

Then using (1) and the continuity of ¢, we have
P(d(u,0)) < P(sPd(u,0)) < P(d(u,0)) — ¢(d(u,0)).

This holds if ¢(d(u,v)) = 0 and then we have d(u,v) = 0. Hence u = v. Therefore, T has a unique fixed
point. [

Example 2. Let X = [0,1] and d(x,y) = (x — y)?. Then (X, d) is b-metric space with s = 2. Define T : X — X,

0 ifx<i Loif <3
¢ X = Rtand ¢,¢ : R* — RT by T(x) = { | 1x_§ L) = 3, (1) = <8 P2 n
16 ifx e (g,1] Loift>3

p(t) =

2t if t>1 . .
. Now we verify condition (1).

t ifo<t<1
Case: If x,y € [0, 1] and x > y. Then y[s%d(Tx, Ty) + ¢(Tx) + ¢(Ty)] = p[23(Tx — Ty)? + ¢(Tx) + ¢(Ty)] =
¥[8(0) + ¢(0) + ¢(0)] = 0.
Alsod(x,y) +¢(x) +9(y) = (x —y)* + 9(x) + ¢(y) = (x —y)* +x +y,
d(x, Tx) + ¢(x) + ¢(Tx) = (x = Tx)* + ¢(x) + ¢(Tx) = x* + x,
d(y, Ty) + o(y) + ¢(Ty) = (y — Ty)* + ¢(y) + ¢(Ty) = y* +y,
S[d(x, Ty) + ¢(x) + @(Ty) +d(y, Tx) + ¢(y) + ¢(Tx)] = §(x* + x +y* + y).
And m(x,y,d, T, @) = max{(x —y)®> +x+y, 2+ x,y° +v, %(x2 +x+y>+y)},
%(xz—i—x—f—yz—l—y) < max{x®>+x,y> +y} = x> +x,
m(x,y,d, T, ) =max{(x —y)® +x+y,x>+x}
and I(x,y,d, T, @) = max{(x —y)®> +x +vy,y* +y}.
But (x —y)?+x+y >x+y>y+y>y*+y,s0,l(x,yd T, ¢)=(x—y)?+x+yand ¢[l(x,y,d,T, )] =
[(x —y)* +x+yl
If m(x,y,d,T,¢) = (x—y)>+x+y then (1) becomes 0 < 3[(x y) +x+y|— %[( —y)?+x+y| =
[(x —y)? +x+y]and1f m(x,y,d,T,p) = x* + x then by (1), wehave (x +x) — 2%[( —y)?+x+y >
(x> 4+ x) — (x +x)= (x +x)>0.
Letx,y € [0, 1] andx <y.Thenm(x,y,d, T, ¢) = max{(x—y)> +x+y, > +x,2+y, s (2 +x+y*+y)},
(x> +x+y? +y) < max{x*>+x,y> +y} = y* +y, implies m(x,y,d, T, ) = max{(x —y)> + x +y,y* + y}.
Similarly I(x,y,d, T, ) = max{(x —y)* + x +y,y* + y}. Now, if m(x,y,d,T,¢) = (x —y)> +x+y =
I(x,y,d,T, ), (1) becomes 0 < g[(x —y)2 +x+y]. ¥ m(x,y,d,T,9) = y*+y = I(x,y,d,T, ¢), (1) becomes
0< 32+
CaseIL: If x € [0,1],y € (1,1]. This implies x < y. Then [s%d(Tx, Ty) + ¢(Tx) + ¢(Ty)] = $[23(Tx — Ty)?> +
9(Tx) + 9(Ty)] = 3180~ )2+ 9(0) + o)) = 3(h + &) = oo
Also d(x,y) + ¢(x) +9(y) = (x —y)* + o(x) + ¢(y) = (x —y)* +x +y,
d(x, Tx) + ¢(x) + ¢(Tx) = (x — Tx)* + ¢(x )+(P(Tx)—x2+xr
A, Ty) + () +9(Ty) = (1= 56 +y+ 15 =1+ § + 5,
Sd(x, Ty) + ¢(x) + ¢(Ty) + (y Tx) +o(y) + ¢(Tx)] = g[x B+ %)
And m(x,y,d, T, ) = ma {( y)? +x+y,x +x,y2+ % o +21576,515[x + 2+ +y+ %)
gl +7x+3/ +y+ Bl =ls+ B+ +4+ B < dP+x+07 +71/*256] < max{x® +x,y* + § +
256} v+ % ¥+ 256
Therefore m(x,y,d, T, ) = max{(x —y)* +x+y,y* + % Y4 3% }. Similarly, I(x,y,d, T, ¢) = max{(x —
v +x+y A+ 2+ 2
Now if, m(x,y,d,T,¢) = (x —y)®> +x+y = I(x,y,d, T, @), then [m (x,y,d,T,(p)]:%[(x—]/)z—i—x—ky]
and ¢[m(x,y,d, T, )] = g[(x = y)* + x + y]. So (1) becomes 135 < g[(x —y)? +x +y].
Also if, m(x,y,d, T, ) = y* + & + 5 = 1(x,,d,T, ¢), then ¢[m(x,y,d,T,¢)] = 3[>+ ¥ + 2] and
¢[m(x,y,d,T,9)] = §[y* + % 21—7] So (1) becomes 155 < §[y> + %3 oy 2Z].

H=IU1001\O ol

ol—=
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CaseIIL:If x,y € (1,1] and x > y. Then ¢[s°d(Tx, Ty) + ¢(Tx) + ¢(Ty)] = P[8(& — £)>+ & + &] = 1,0[%] =
5
32
Alsod(x,y) + ¢(x) + ¢(y) = (x —y)? —|—x—|—y,d(x,Tx) +o(x) +o(Tx) = (x — £)2+x+ &,
Ay, Ty) + 9(y) + ¢(Ty) = ( —*) +y+ 16
2ld(x, Ty) + ¢(x) + ¢(Ty) + d(y, Tx) + ¢(y) + ¢(Tx)] = %[(x— )T xt g+ -6yt )l <
max[(x—ﬁ) +x+ i, (- &)y + £l = (x— &)? +x+16

This implies that m(x,y,d,T,¢) = max{(x —y)> +x+y, (x — z)*+x+ 1z} and I(x,y,4,T, ¢) =
max{(x —y)> +x+y,(y— £)>+y+ 1z }. But (y — )2+y+16:(11—6 Y2+y+& < (x—y)?+y+xSo
(x,y,d,T, @)= (x—y)* +x+y.

Now if, m(x,y,d, T, ¢) = (x —y)? +x+y (1) becomes, 35 < 3[(x —y) 2 +x+y] — [(x —y)> +x+y] =
gllx—y)> +x+yl.

If m(x,y,d,T, q)) (x — &)? +x+16 then we have, 2[(96—11—6) +x+ ] —slx—y)?+x+y] >
%[(x_ﬁ) +X+ 7 ] [( _%) +x+16] Z[(X_E) +x+16]>32

Let x,y € (3,1] and x < y. Then m(x,y,d,T,¢) = max{(x —y)? +x+y,(y— £)>+y+
I(x,y,d, T, 9).

Now if m(x,y,d, T, ¢) = I(x,y,d,T,p) = (x —y)?> + x + y, then (1) becomes 55 < 3[(x —y)? +x
sl =y +x+yl=glx—y)* +x+yl.

Em(x,y,dT,¢)=1(xydT¢) = (y—q15)°+y+ 5 (1)becomes 35 < 3[(y — 15)> +y + 5] — g[(y -
16)° +y+ 15] = 5[y = 16)° + v + 7)-

CaseIV:If x € (},1],y € [0, 1]. This implies x > y. Then ¢[s%d(Tx, Ty) + ¢(Tx) + ¢(Ty)] = p[23(Tx — Ty)? +

p(Tx) + p(Ty)] = 518 — 02 + 9() ++9(0)] = §(h + ) = s
Alsod(x,y) + ¢(x) + ( )=(x—yP+x+y,

d(x, Tx) + (x) + ¢(Tx) = x> + %% + 1,

d(y, Ty) + ¢(y) + ¢(Ty) = y* +y/

s%[d(x,Ty)+<P(x>+¢(Ty)+d(y,Tx)+<P(y)+<v(TX)} g%+ x + 3 +7y+256]

And m(x,y,d,T,¢) = max{(x —y)* +x+y, 2+ % —|—21576,y +y s+ x+yr+ 5 Yy 256}}
m(x,y,d, T, ¢) = max{(x —y)? +x +y, x>+ 2 + 3=} Snmlarly, (x,y,d,T, ) = max{(x— Y2 +x+y 2+
yh=(x -y’ +x+y.

Nowif,m(x,y,d,T,q)) :( —y)? +x+y—1(x v,d, T, ), then(l)becomesT5 glx—y)?+x+y)1f,

m(x,y,d,T, 4’) =+ 5§ +256’ we have 3% + & + 7% — gl(x —y)? +x +y] > §07+ F + 2] — gla® +
Ftasl=gl+5+ 256] > 15

Then (1) becomes 128 < g[x + %x + %] Thus all the condition of Theorem (2) are satisfied and 0 is the

unique fixed point of T.

} =

S
=

+

yl —

Remark 1. If we take s=1 in Theorem (2) we get the result of Cho [1]. Hence Our result generalizes the result
of Cho [1] and related results in the literature.
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