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BOUNDEDNESS OF LITTLEWOOD-PALEY OPERATORS
WITH VARIABLE KERNEL ON WEIGHTED HERZ SPACES
WITH VARIABLE EXPONENT

AFIF ABDALMONEM !, OMER ABDALRHMAN, SHUANGPING TAO

ABSTRACT. Let Q € L*®(R™) x L2(S"~!) be a homogeneous function of
degree zero. In this article, we obtain some boundedness of the parameter-
ized Littlewood—Paley operators with variable kernels on weighted Herz
spaces with variable exponent.

Index Terms: Parameterized Littlewood-Paley operators; variable kernel;
weighted Herz spaces; Muckenhoupt; variable exponents.

1. Introduction

The boundedness of Littlewood-Paley operators on function spaces are one of
the very important tools, not only in harmonic analysis, but also in potential
theory and in partial differential equations (see[l, 2, 3, 4, 5, 6], for details).
In 2004, Ding, Lin and Shao [7] investigated the L2-boundedness for a class
of Marcinkiewicz integral operators with variable kernels puq and pgq s related
to the Littlewood-Paley function pug, , and the area integral g5. In 2006, the
authors [8] proved the LP-boundedness of the Littlewood-Paley operators with
variable kernels. In 2009, Xue and Ding [9] established the weighted estimate
for Littlewood-Paley operators and their commutators.

In 1960, Hérmander [10] introduced the parameterized Littlewood-Paley oper-
ators for the first time. Now, let us recall the definitions of the parameterized
Lusin area integral and Littlewood-Paley g} function.

Let S"~!(n > 2) be the unit sphere in R” with normalized Lebesgue measure
do(z'). Take Q(x,z) € L®(R")x L"(S™ 1)(r > 1) to be a homogeneous function
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Parameterized Littlewood-Paley operators with variable kernels 11
of degree zero and

/ Qz,2")do (") = 0, for all z € R", (1)
where (2 satisfies the following conditions:
(1) For any z,z € R™ and any A > 0, we have Q(x, A\z) = Q(z, 2);

1

(2) 19 Lo ®rysrr(sn-1) == sup  ([oo1 [Q(rz +y,2")|"do(2')) " < oo
r>0,y€Rn

The parameterized Littlewood-Paley operators ug’s and pg;" with variable ker-

nels, which are related to the Lusin area integral and the Littlewood-Paley g3
function are defined by

116 ( / /F "
ph () (@) =

//Rzﬂ <t+|;—y>

where I'(z) = {(y,t) e R} : |z —y| < t and A > 1}.

In 2013, Wei and Tao [11] investigated the boundedness of parameterized Lit-
tlewood Paley operators on weighted weak Hardy spaces. Lin and Xuan [12] es-
tablished the boundedness for commutators of parameterized Littlewood-Paley
operators and area integrals on weighted Lebesgue spaces LP(w).

The theory of the variable exponent function spaces has been rapidly developed
after the work [13], where Kovdcik and Rékosnik have clarified fundamental
properties of Lebesgue spaces with variable exponent. After that, many re-
searchers have been interested in the theory of the variable exponent spaces (see
(14, 15, 16, 17, 18, 19, 20]).

The generalization of the Muckenhoupt weights with variable exponent A,.) has
been considered in [21, 22, 23, 24]. The equivalence between the Muckenhoupt
condition and the boundedness of the Hardy-Littlewood maximal operator on
weighted Lebesgue spaces with variable exponent were discussed in [21, 22].
After that, Cruz-Uribe and Wang [25] proved the boundedness of some classical
operators on weighted Lebesgue spaces with variable exponent Lp(')(w).
Recently, Izuki and Noi [26] introduced the weighted Herz spaces with vari-
able exponent, and also studied the boundedness of fractional integrals on those
spaces.

In this paper, we establish the boundedness of parameterized Littlewood-Paley
operators with variable kernels on weighted Herz spaces with variable exponent

2
dydt
n+1

Qy,y —2)
tr /y 2|<t \Z/—Z|" pf( 2)d=

and

dydt
tn+1 ’

Sl B! / Qy,y — 2) i
— —==—2 f(2)dz

tr ly—z|<t |y - Z|n—p
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K;‘(’,q) (w). Let E be a Lebesgue measurable set in R with measure |E| > 0, xg
means its characteristic function. We shall recall some definitions.

Definition 1.1. Let p(-) : E — [1,00) be a measurable function. The variable
exponent Lebesgue space is defined as

p(z)
<|f(:v)|) dz < oo for some constant n > 0}.

LPO)(E) = {f is measurable : /
n

E

The space L") (E) is defined as

loc

Lp(')(E) = {f is measurable : f € LPU)(K) for all compact K C E}.

loc

The Lebesgue spaces LP()(E) is a Banach spaces with the norm defined as

p(z)
L R N CC T

We denote p_ = ess inf{p(z) : x € E}, py = ess sup{p(z) : ¢ € E}, then P(E)
consists of all p(-) satisfying p_ > 1 and py < oc.

Definition 1.2. [27] Let p(-) : R — [1,00). A measurable function p(-) is said
to be globally log-H6der continuous if it satisfies

(1) Ip(z) = py)| < m; z,y €R" oz —y[ < 1/2;

(2) Ip(z) = Pl < togrery © €R™
for some po, > 1. The set of p(-) satisfying conditions (1) and (2) is denoted by
LH(R").
We know that, if p(-) € LH(R™) N P(R™), the Hardy-Littlewood maximal oper-
ator M is bounded on LPC)(R™) (see[28]).

Definition 1.3. [29] Suppose that p(-) € P(R™) and w is a weight function.
The weighted Lebesgue spaces with variable exponent LP()(w) is the set of all
complex-valued measurable function f such that fw!/P() € LP()(R™). The space
LP0)(w) is a Banach space equipped with the norm

£ 1l 2oy = 10PN e

p/(-) is the conjugate of p(-) such that i~ + ;{5 = 1. Next, we introduce the
classical Muckenhoupt A, weight.

Definition 1.4. [30] Let 1 < p < oo, then w € A, for every cube Q,

(o) i o)

We say that w € A; if it satisfies Mw(z) < w(zx) for all z € R™. The set A;
consists of all Muckenhoupt A; weights.
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Definition 1.5. [21, 25] Given p(-) € P(R") and a weight w, then w € Ay if

BSI;P |B|~ 1||w1/p()XB||LP()(w)||w /p()XBHme (w) < 0.

Definition 1.6. [25] Given pi(-), p2(-) € P(R") and 1/pi(z) — 1/p2(z) = p/n
such that 0 < g <n. Then w € A, () p,() if

lwxs | o2 lw™ X8l o) < Bl
holds for all balls B € R".

Definition 1.7. [25] Let p(-) € P(R™) and w be a weight. We say that (p(-), w)
is an M-pair if the maximal operator M is bounded on LP()(w) and Lp/(‘)(w_l).

Now, we to need to give the definition of weighted Herz space with variable
exponent. For all k € Z, we denote By = {z € R" : |z| < 2F}, Oy = Bi\By_1,
Xk = XCy-

Definition 1.8. [26] Suppose that p(-) € P(R™), 0 < ¢ < o0, o € R. The homo-

geneous weighted Herz space with variable exponent K;{% (w) is the collection

of f e Lfo(c (R™\{0},w) such that

oo 1/q
Hf||K“(w) = < Z 2aqk|ka|Lp<>(w> < o0.

k=—o00

It is easy to see that if w = 1, then Ka(%( w) = K;(%(R”) is the Herz space with

variable exponen [17]. If w =1 and p(-) = p, then Ka(’%( w) = K“*q(R") is the

classical Herz space introduced in [31]. If p(-) = p, then Ko‘(’%( w) = Kg’q(w) is
the weighted Herz space [32].

Definition 1.9. We say a kernel function Q(z, z) satisfies the L"-Dini condition
(r>1),if

1
/ “Té‘s) (1+ |log 8]°)dé < oo,
0

where w,.(9) denotes the integral modulus of continuity of order r of Q defined
by

wr(6) = sup / [Q(z, pz) — Oz, 2')|"do(2') |

z€R™,|p|<d

where p is the rotation in R”, ||p]| = sup ||pz’ —Z/|.
Z’ES"_l
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2. Preliminaries and notations

In order to prove our main theorems, we need the following Lemmas.

Lemma 2.1. [3] Suppose that X C M is a Banach function space.
(1) (The generalized Holder inequality) For all f € X and g € X', we have

/ [F@)g(@)ldz < || [lxllglx-

(2) Forall f € X, we have

sup {

In particular, space (X') = X.

f(@)g(z)dz

Rn

gl < 1} — 1Fllx.

As an application of the generalized Hélder inequality above, we have the fol-
lowing Lemma.
Lemma 2.2. Let X be a Banach function space, we have
1< ol lx sl
|B|
hold for all balls B.

Lemma 2.3. [24] Let X be a Banach function space. If the Hardy-Littlewood
mazimal operator M is weakly bounded on X, that is

Ixgarsayllx <A fllx
holds for all f € X and A > 0l, then we get

1
sup —[Ixslx/lxBlx < oo.
B:Ba

1| Bl
Remark 2.1. [29] The weighted Banach function space X (R™, W) is a Banach
function space equipped the norm || f|| x &~,wy := || fW]|x. The associated space

of X(R™, W) is a Banach function space and equals X'(R™, W~1).

Remark 2.2. If p;() € P(R"), by comparing the definition of the weighted
Banach function space with weighted variable Lebesgue space, we have

(1) If X = LP()(R™) and W = w, then we obtain
LR w) = LPrO) (P2 (),
(2) If X = LP1O)(R™) and W = w~!. Using Lemma 2.3, we obtain

LR w1y = PO (=i 0)) = (LPrO) (wPr ()
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Lemma 2.4. [33] Suppose that X is a Banach space. Let M be bounded on the
associated space X'. Then there exists a constant 0 < 6 < 1 such that

§
Mﬂx<<W0
Ixslx = /Bl

holds for all balls B and all measurable sets E C B.

Lemma 2.5. [26] Suppose that pi(-) € LH(R™) N P(R™) and wP() € A;. Let
M be a bounded on LP*C) (wP1()) and LPvO) (w=P10)), then there exist constants
01,02 € (0,1) such that

||XS||LP1(')(U;P1(-)) < <|S|)51 HXSH(Lm(-)(wm(.)))/ <C (|S|)52
IXBllLro@noy = \IBIJ Tlixsllro@noy —  \IBl/)
hold for all balls B and all measurable sets S C B.

Lemma 2.6. [34] Suppose that Q € L= (R™) x L?(S"1) satisfies equation (1)
and definition (1.9), A > 2,2p—n >0, 1 < p < co. Then for all f € LI(w)
there exists C > 0 independent of f such that

116, s I Law)y < CllfllLacw)
and

G5 f oy < Cllfllzaw):-

Lemma 2.7. [25] Assume that for po, 1 < py < 0o and every wy € Ap,,

/ﬂwmmwms/ammmmm, (f.9) € F.

Rn Rn

Then for any M -pair (p(-),w),
£l 20> (wy < CllGl Lo (w)s (f.9) € F,

Lemma 2.7 holds for py = 1 and the maximal operator is bounded on L? ) (w=1).
We know the Hardy-Littlewood maximal operator is bounded on LP()(w) and
L2 O (w70 (see [33]).

Combining Lemma 2.6 with Lemma 2.7, we obtain the following conclusion.
Corollary 2.8. Let p(-) € LH(R™) N P(R"), Q € L=(R") x L"(S"1)(r > 1)
and w € Ay(.y. Then the parameterized Littlewood-Paley operators g, . and "
with variable kernels are bounded on LPC)(w).

3. Main Theorems and their proofs

In this section, we will prove the boundedness of the parameterized Littlewood-
Paley operators with variable kernels on variable weighted Herz spaces.
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Theorem 3.1. Letp(-) € LHR™")NPR"),0< ¢1 < g2 <00, A>2,2p—n>0
and Q € L= (R") x L2(S™~1) satisfies (1.1) and (1.2). IfwP") € Ay and —nd; <
o < nda, where §1,62 are the constants in Lemma 2.5, then the operator puo. s s
bounded from K;l’??) (wPr () to K;‘l"(l_l) (wPr (),

Theorem 3.2. Letp(-) € LHR")NP(R"),0< g1 < g2 <00, A>2,2p—n>0
and Q € L®(R™) x L?(S™~ 1) satisfies (1.1) and (1.2). IfwP") € Ay and —nd; <
a < ndy, where 61,92 are the constants in Lemma 2.5, then the operator By 1S
bounded from K;l"(z?) (wPr()) to K;l’?_l) (wPr (),

Remark 3.1. As it is well known that, ug,  f(z) < Q"Aug’y)\f(x) (see [6], p-89).
Therefore, we give only the proof of Theorem 3.2.

Proof of Theorem 3.2
Let f € K;l’gf) (wP*()). By the Jensen inequality, we have

a1

0o a2
, k >
IG5 W () = ( >, 2 ||(M*ﬂﬁf)x’c”?pﬂ»(wm(')))
RN k=—oc0
o0
< 3 2R XK B )
k=—oc0

Denote f; = fx; for each j € 2, then f = E;ifoo fj, so we have

oo
) k )
||u;2,p)\f||§é°‘"<‘2)(wm(-)) < Z 2% ”(lu’;,p)\ )XkH%lm(-)(wm('))
p1(-
k=—o0

q1

oo k—2
< Y2 LN (GRS X0k e o O
k=—oc0 j=—o00
o) k+2 a
< D22 LY GA )Xkl Lo gm0
k=—o00 j=k—2
q1
o0 o0
< 22 L (GA L)Xl Lo om0
k=—o0 j=k+2
=:L; + Ly +Ls.
First, we consider Ls. Using Lemma 2.1 and —2 < k — j < 2, it is easy to get
oo k+2 a
Ly = Y 229 [ (105 )k o gm0
k=—o0 j=k—2
q1
o k+2

= > | X 22l o wnoy

k=—o0 \j=k—2
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< Clifl

& ‘71 (wm( )

Now we need to consider ua”))\ . Applying the Minkowski inequality, we con-
clude that
g B (F) (@) =

1
/00/ ¢ An 2dydt 2
0 R? \ t+ |z — y| tn+1
An 2 3
</ £i(2) /°°/ t Q(y,y — 2)|* dydt a
(z z
~Jen o -zt \t+lz—ul) y—zPn-2 2endl
An 2 %
</ £1(2) /\T—z\/ t 1Q(y,y — 2)| dydt 4
(z z
= Jrn 0 ly—z<t \t+ |z —yl ) |y —2]2n=20 (2etntl
An 2 %
+/ £1(2) /°° / t [Q(y,y — 2)|*  dydt q
(z z.
Rn lo—zl Jly—zi<e \t+ e =yl ) |y —z[>n—20 204041

For 2 € L>®(R™) x LQ(S"_I) and 2p —n > 0, the following inequality holds
_ 2
‘y sn—1

—al<t |y—2|2" 2p 82" 2p

fi(z)dz

tP .

1 /‘ Qy,y — =)

y—z|<t |y — z|"~P

S ||Q||L°°(]R")><L2(Sn—1)t P,

Since |z —z| < |z —y|+ |y — 2| < |z —y|+t. For A > 2, taking 0 < 6 < (A —2)n,
we have

/ImZ/ t An Qy,y —2)> dydt
y z|<t t + ‘flf — y| |y — Z|2’I’L72p t2p+n+1

|z—2| An—2n—4 1
/0 /y z|<t<t+|$—y|> | — 2|+

Qy,y—2)> dydt
‘y_z|2n 2p $2p—n— 5+1

< ol Qy,y —2)°  dydt
>~ |{E _ Z|2n+6 ly—z| <t |y _ z|2nf2p $2p—n—5+1

< HQ”L‘”(R")xLZ(S” ) /l - 514t
T P

><

< Clz — 2|72 (1.3)
If we take 1 < A1 < 2, then Ayn —n > 0 and A\yn — 2n < 0, so we have

/°° / ( t >M 2y, y — 2)[> dydt
o=l Syl t+ |z —yl ly — z[>n—2e g2otndt

= 2|2 2 y—2)°  dydt
|w—2| Jly—z|<t ly — z|2n—2p {2p—Aintn+tl
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e8] _ 2
\ ly

o= B e
e t 1 NP
- 2y, (y —2))* s L dt
S /:t—z| |m - Z| B /sn—l /0 Wsn deO(y )tn+1
o0
< CHQ||2L<>0(R7L)XL2(S”71)‘$ _ Z|—>\1n/ t>\1n—2n—1dt
|z —2z]
< Cla = 27" (1.4)
Combining the above two estimates, we obtain
|f(2)]
i (f)(@) < / e, w5

Next, we consider L;. Noting that for x € Ay, 2 € A; and j < k — 2, then
| — z| ~ |z|. By the virtue of the generalized Holder inequality, we have

pA (i) (@) < 277 £l Lon e om0 Xl £o1 0 uops -

Applying Lemma 2.3 and Lemma 2.5, we take [|.|| 1p,() ey for each side, we
have

||N;z’f),\(fj)(33)><kHLm(')(wm»)

< C2_kn||fjHLPl(‘)(wp1<A>)||Xj||(Lpl(')(wP1<‘>))/||Xk;||Lp1(-)(wpl(»))

< C27| £5ll Lor > (om0 1B, (1 a0y X B Nl 21 0 oma 0
< OS5l om0y 18, o om0y 063 s 9 s 0y

X8, ||(Lp1(-)(wp1(»)))/

< f; - -
< ||fJ ||L:D1( ) (wP1()) HXBk H(LPI(')(wpl(l)))l

< 02(j_k)n62 Hfj ||LP1(')('wP1(‘))'

Thus, we have

q1
oo k—2
L, <C Z gaqik Z 2(j_k)n62||fjHLP1(‘)(wP1(‘))
k=—00 j=—o00
o0 k—2 q1
<C Z Z 270 9k=D@=m0) | £l ) ()
k=—o0 \j=—00

Now we have two cases: 1 < ¢ < oo and 0 < ¢ < 1. When 1 < ¢; < o0, by
using the Holder inequality, we have

L—2 q1

Li<c Y | 30 202t p o

k=—o00 \j=—00



Parameterized Littlewood-Paley operators with variable kernels 19

oo k-2
<C Z Z 27aq12(k 2 n52)q1/2||fj||Lp1(> (wP1())
k=—o00 \j=—o00
s a1/ay
x Z o(k—j)(a—nd2)q) /2
j=—
oo k—2
<C Z Z 9jaqio(k—j)(a—nds) q1/2||f]HLP1() (p10)
k=—o0 j=—00
o k—7)(a—né
<C Z 97 qufj”%lm(‘)(wPl(')) Z 9(k=3)( 2)q1/2
e k=j+2
< Clifll

hd ‘71 (wm( ))

When 0 < ¢; <1, again by the Jensen inequality, we obtain

o) k—2 q1
Li<C Y | D 2200 fl oo gumoy
k=—oc0 \j=—00
00 k—2

<C 9iagio(k—j)(a— néz)m”f
J Lm() wP1( ))

k=—o0 j=—0o0
9]

<C Z 27| f5| Ip1) (wP1()) Z g(k=ifa—nlla

j=—00 k=j+2

< I oy
Finally, we estimate Ls. Noting that for x € Ay, y € A; and j > k + 2, then
|y — z| ~ |y|. By the virtue of the generalized Holder inequality, we have

A (F) (@) < C277™ [ £l o uomr 0y 1 2. pr -
Applying Lemma 2.3 and Lemma 2.5, we can take ||.|| »,¢) (e for each side,
we have

G () (@) Xkl o1 ) (om0

< 02 TN Fill Lo oy 1X5 (L1 wrr 0y X Lor 3 (om0

S C277™M| £l o o X8, | (210 uomr ) X B | Lo 9 om0

< C||fj||LP1<->(wP1<~> ||XBk|| Lpl(‘)(wpl(')))HXBj||(_L1p1(-)(w171(-)))
X B (L1 (wrr )
||XB H(Lm) wp1())
< C2F M| £il| Loy (s -

< C”f]HLPl( ) (wP1())
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Thus, we have

[es} 0o q1
Ly=C Z gk Z 257D £ o o 0
k=—o00 j=k+2

q1

<C Z Z 2ja2(k—j)((x+n§1) Hfj”LPl(')(wPl(’))
k=—oc0 \j=k+2

Now we also have two cases: 1 < ¢ < ocoand 0 < ¢q; < 1. When 1 < ¢; < o0,
by using the Holder inequality, we have

q1
o0

Ls<C Z Z 292DV 1] s (w0
k=—o0 \j=k+2

oo o0

<C Z Z 2jaq12(k—j)(a+n51)(h/2||fj| %11)1(_)(1”1)1(»))
k=—o0 \j=k+2

- /g
« Z 9(k—j)(etnd1)q /2
j=k+2

o k—7)(a+nd 2
gckz _;ﬂgz L T
o j=

() j—2
j k—j 5
<C Y LT ) 0 > 2l etmin /2
j=—00 k=—c

q1
<CIIfl%

)

When 0 < ¢; <1, applying the Jensen inequality, we obtain

q1

L3§C Z Z 2ja2(k_j)(a+n61)||fjHLP1(')(wp1(~))
k=—oco \j=k+2

[ee] (oo}
<C Z Z 27”"12(’“7]‘)(a+n51)q1||fj|%1p1<->(wm<->)
k=—o00 j=k+2

<C Y TN ey Y 28I

j=—o00 k=—o00

< ClIfI%

o (WP )Y

This completes the proof of Theorem 3.2.
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